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PREFACE. 



Those who are conversant with the preparation of de* 
mentary text-books, have experienced the difficulty of 
adapting them to the various wants which they are in- 
tended to supply. 

The institutions of ediication afe* of .all grades, frona the 
college to the district ^ppl^ and alfoough there is a wide 
difference between tjfte. ^"^tremiss, t|b^&veI,. in passing 
froni one grade fo tfie other, is scarcely Sfok^n. 

Each of theife classes of seminaries requires text-books 
adapted to its own, peculiar wants ; and it eac& held its 
proper place in it$:own class, the task of sapplying suit- 
able works woul3 ifQt be difficult. ^ '' " / 

An indifferent ccufege ia generally infoiioXio'the system 
and scope of its instflicftpri,to the acecfem^^ or high school; 
while the district schjsciij oA^ Toii^cl *X()' be superior to 
its neighboring acacfeirhy. ^- "^ '" "- ">' ^ ^ - - 

The Geometry of L^genS^r^^ embracing a complete 
course of Geometrical SQJ^ncij^ 'Js alj that is desired in 
the colleges and highet silslfrfill^^ies f VKile the Practical 
Mathematics for Practical Men, recendy published, is 
designed to meet the wants of those schools which are 
strictly elementary and practical in their systems of 
instruction. 
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But still a large class of seminaries remained tmsiip- 
plied with a suitable text-book on Elementary Geometry 
and Trigonometiy : viz., those where the pupils are car- 
ried beyond the acquisition of facts and mere practical 
knowledge, but have not time to go through with a full 
course of mathematical studies. 

It is ioi such, that the following work is designed. It 
has been the aim of the author to present the striking 
Bind important truths of Geometry in a form moie simple 
and concise than could be adopl^ed in a complete treatisei 
and yet to preserve the exactness of rigorous -reasoning* 

In this system of Geometry nothing has been taken foi 
granted, and nothing j)aased« ovpr without being fully de- 
monstrated. . • *.\j : ^.' y, - , 

The Trigon*ft<fetjiy\ inclu^og tKe /applications to the 
measurem^niiC-j^r* heights and di^fa^esi has been writ- 
ten upon- the Same plan and for^the same objects: it 
embraces all th^ important theorems and ^11 the striking 
examplesw..:"* * ^ IV^^ ' 

In orde^y-j^bur^ ver, to render the* appfi^ations of Ge» 
ometry te tbe.]flif ftsuration of surfsTceifc^apd'^solids complete 
in itself, a few*wk»iiave*been firivelh which are not de- 

the gener?J plan 
an appendix, H 
does not materially*b]0sakitsaioirf. 

That the work rfirfy* be? tJseM in advaucinff the interests 
of education, is tne mT2e**and>ixfent wish of the authm-. 

• ••• •••••««••« 

FlSiDOLL liANPOrOk 

I Jlfi^, 1861 
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GEOMETRY. 

BOOK I. 

DBFINITIONS AND REMARKS. 

1. JSxtension has three dimensions, length, breadth, and 
tbickness. 

Geometry is the science which has for its object: 
Ist. The measurement of extension ; and 2dl7, To discover, 
by means of such measurement, the properties and relations 

J • * o 

of geometrical figures. . ^ ' - / - . 

2. A Point is th'at'whi}^ has ^hifi^, ^yi' position, but not 






■J ^ 






J ^ J J 




magnitude. 

8. A Line is length, without breadths cr' thickness. 

4. A Straight lAne is one which li^s 

in the same*d3jcaetipn between any two of — r 

its points. '.'"-* 

5. A Curve 'I/(hfi is one which change^^ 
b direction at 'c^et^" point. 

The word /tii«>lie5' asied'alohe, ^^U/4jesignate a straight 

liB^ ; and the word ^eprve, a cufye jid^^ 

-« ■> ■' ^ ^ ' 

C, A Surface is that which has 'length and breadth, with- 
out height or thickness. 

7. A Plame Surface is that which lies eren throughout its 
whole extent, and with which a straight line, laid in any 
direction, will exactly coincide in its whole length. 

8. A Curved Surface has length and breadth without tliick* 
ncss, and like a curve line is constantly changing its direction 

9. A SoUd or Body is that which has length, breadth, and 
tliickness. Length, breadth, and thickness are called dinien- 
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lions. Hence, a solid has three dimensions, a surface two, 
and a line one. A point has no dimensions, but position only 

10. Geometry treats of lines, surfaces, and solids. 

11. A Demonstration is a course of reasoning vrhich OBtab- 
lislios a truth. 

12. An Hypothesis is a supposition on which a demonstra^ 
tion may be founded. 

13. A Theorem is something to be proved by demonstradoii. 

14. A Problem is something proposed to be done. 

15. A Proposition is something proposed either to be don« 

or demonstrated — and may b^ ^itjher & problem or a theorem. 

•. - • ' . ^' ' ^ . 

16. A Corollary is an dbvious ^^Qiiscq^uQnce, deduced froni 

something that iM.gdaevbefor^.^ ; ^, ; \-^ 

17. A iScAoZM^wid.a remark on one ot picHfe preceding propO" 

> •- 

sitions. - c' ' " 

18. An Axiom is^a self evident propositiaji.»_ " 



OF ANGLES. ; .-..^ w 

19. An Angle "ii"^ ih^ portion of a plai^'eMnduded between 
two straight linds-'^hhjk^^rfi^et "ht .ti . ^mlpon point. The 
two straight Hnes 'are«''' oall^ the sidiea- of the angle, and 
the common point of interseoti^n; 'the vertM, 

Thus, the part of the piano included 
between AB and ^ C7 is called an anpU : 
AB and -4 (7 are its sides^ and A its vertex, Jt ' B 

An angle is generally read, by placing the letter at the ver- 
tex in the middle. Thus, we say, the angle CAB, We may, 
how ever, say simply, the angle A. 

20. One line is said to be perpendicular to another when it 
inclines no more to the one side than to the other 
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The two angles fornied are then equal to 
each other. Thus, if the line DB is per- 
pendicular to AC^ the angle DBA "wiUl 
be equal to DBC. 

21. When two lines are perpendicttlar 
to each other, the angles which they form 
•re called right angles. Thus, DBA and 
DBC are called right angles. 

22. An acute angle is less than a right 
«agle. Thus, DBC is an acute angle. 

23. An obtuse angle is greater than a 
right angle. Thus, DBC is an obCttsa 
■ii^e. 

24. The circumferenoe of a cirole is a 
curve line all the points of which are 
equally distant from a certain point within 
called the centre. 

Thus, if all die points of the carve AJSB 
are equally distant from the centre (7, this 
curve will be the circumference of a circle* 

25. Any portion of the circumference, 
18 AEDf is called an arc 

26. The diameter of a circle is a 
straight line passing through the centre 
and terminatmg at the circumference. 
Thus, ACB is a diameter. 

27. One half of the circumference, as 
ACB is called a semtdrcumference ; and 
one quarter of the circumference, as ^C, 
is called a quadrant 
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28. The circumference of a circle is used for the measure- 
ment of angles. For this purpose it is divided into 360 equal 
patts called degrees, each degree into 60 equal parts called 
minutes, and each minute into 60 equal parts called seconds. 
Tlie degrees, minutes, and seconds are marked thus ^ ' " ; end 
9^ 18' 16", are read, 9 degrees 1,8 minutes and 16 seconds. 

29. Let us suppose the circumference 
of a circle to be divided into 360 degrees, 
beginning at the pv.M* B- If through 
the point of division ^ Rod 40, we draw 
C£, then, the angle Jbxj:» will be equal to 
40 degrees. If CF were drawn through 
the point of division marked 80, the angle BCF would be oqud 
to 80 degrees. 
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OF LINES. 

30. Two straight lines are said to be 
parallel^ when being produced either way, 
as far as we please, they will not meet 
each other. 

31. Two curves are said to be parallel 
or concentric^ when they are the same dis- 
tance from each other at every point. 

32. Oblique lines, are those which ap- 
proach each other, and meet if sufficiently 
produced. — — — . 

33. Lines which are parallel to the horizon, or to the water 
level, are called horizontal lines. 

34. Lines which are perpendicular to the horizon, or to the 
water level, are called vertical lines. 
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OF PLANE FIGURES. 

35. A Plane Figure is a portion of a plane terminated on all 
sides by lines, either straight or curved. 

36. If the lines which bound a figure are straight, tbo space 
nhicli they inclose is called a rectilineal figure, or polygon. 
The lines themselves, taken together, are called the jperimtier 
of the polygon. Hence, the perimeter of a polygon is the sum 
of all its sides. 

37. A polygon of three sides is called 
a triangle. 




38. A polygon of four sides is called 
a qnadrilaleral. 




39. A polygon of &V9 sides is called a 
pentagon. 




40. A polygon of six sides is called 
hexagon. 





41. A polygon ot seven sides is called a heptagon. 

42. A polygon of eight sides is called an octagcm. 

3 
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43. A polygon of nine sides is called a nonagon. 

44. A polygon of ten sides is called a decagon. 

45. A polygon of twelve sides is called a dodec|igon. 

46. There are several kinds of triangles. 



First. An equilateral triangle, which has 
its three sides all equal. 




Second. An isosceles triangle, which has 
two of its sides equal. 



Third. A scalene triangle, which has its 
three sides all unequal. 





Fourth. A right angled triangle, which 
has one right angle. 

In the right angled triangle ABC, the 
side ACy opposite the right angle, is called 
the hypothenuse. 

47. The base of a triangle is the side on 
which it stands. Thus, AB is the base of 
the triangle ACB* 

The altitude of a triangle is a line drawn 
from the angle opposite the baje and per-, 
pendicular to the base. Thus, CD is the altitude of the tri 
angle ACB, 
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48. There are three kinds of quadrilaterali. 

1. The trapezium^ which has none of 
ItB sides parallel. 




2. The trapezoid^ which^ has only two / \ 

of ita sides parallel. / \ 



8. The paralUlogramy which has its 
opposite sides parallel. 



49. There are four kinds of parallelograma : 

1. The rhomhoidy which has no right 
BOigle. 



2. The rhomhuSy or lozenge^ which Is 
an equilateral rhomboid. 
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3. The rectangle^ which is an equian- 
gular parallelogram. 



4. The square, which is both equilat- 
eral and equiangular. 
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50, A Diagonal of a figure is a line which 
joins the vertioes of two angles not adjacent 



61. The base of a figare is the side on which it is supposed 
to stand ; and the altitude b a line drawn from the opposite 
side or angle, perpendicular to the base. 

AXIOMS. 

1. Things which are equal to the same thing are equal to 
each other. 

2. If equals be added to equals, the wholes will be equal. 

3. If equals be taken from equals, the remainders will be 
equal. 

4. If equals be added to uaequals, the wholes will be un- 
equal. 

5. If equals be taken from unequab, the remainders will be 
unequal. 

6. Things which are double of equal things, are equal to 
each other. 

7. Tlungs which are halves of the same thing, are equal to 
each other. 

8. The whole is greater than any of its parts 

9. The whole is equal to the sum of all its parts. 

10. All light angles are equal to each other. 

11.' A straight line is the shortest distance between two 
|>oints. 

12. Magnitudes, which being applied to each other« ooiiif 
tide throughout their whole extent, are e^ual. 
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THEOREM I. 

J'* 

Epery diameter of a circle divides the circumference into two 

equcd parts. 

Let ADBE be the circnmference of a 
circle, and ACB 9l diameter: then will 
the part ADB be equal to the part AEB. 

For, suppose the part AEB to be turn* 
ed around AB, until it shall fall on the 
part ADB, The curve AEB will then 
exactly coincide with the curve ADB, or else there would 
be some point in the curve AEB or ^Z)J3, unequally distant 
from the centre C, which is contrary to the definition of a 
circumference (Def. 24). Hence, the two curves will be 
equal (Ax. 12). 

CoroUary 1. If two lines, AB, DE^ 
be drawn through the centre C perpen- 
dicular to each other, each will divide the 
circumference into two equal parts; and -^1 
the entire circumference will be divided 
into the equal quadrants DB, DA, AE, 
and EB, 

Cor. 2. Hence, a right angle, as DCB, is measured by one 
quadrant, or 90 degrees ; two right angles by a semicircumfer- 
ence, or 180 degrees ; and four right angles by the whole cir- 
cumference, or ^Qp degrees 

» 2* 
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THEOREM II. 

IJ one straight line meet another straight line^ the sum of thB 
two adjacent angles wiU be equal to two right angles. 

Let the straight ^ine CD meet the 
straight line AB^ at the point C ; then 
will the angle DCB plus the angle DC A 
be equal to two right angles. i~ 

About the centre C, with any radius as CB^ suppose a 
semicircuniference to be described. Then, the angle DCB 
will be measured by the arc BD^ and the angle DC A by the 
arc AD. But the sum of the two arcs is equal to a semicir- 
cumference : hence, the sum of the two angles is equal to two 
right angles (Th. i, Cor. 2). 

Cor. 1. If one of the angles, as DCB^ 
is a right angle, the other angle, DC A 
will also be a right angle. 

Cot. 2. Hence, all the angles which 
can be formed at any point C, by any 
number of lines, Ci>, CE^ CF, Ac, 
drawn on the same side of AB^ are equal 
to two right angles : for, they will be 
measured by a semicircumference. 

Cor. 3. li DC meets two lines (7-5, (7-4, making DOS 
plusiXT^ equal to two right angles, ACB will form one 
straight line. 

Cor. 4. Hence, also, all the angles 
which can be formed round any point| as 
(7, are equal to four right angles. For, 
the sum of all the arcs which measure 
them, is equal to the entire circumference, 
which is the measure of four right angles (Th. i. Cor. 2). 



A 
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THEOREM III. 

If two straight lines intersect each other ^ the opposite or Mf- 
tical angles which they form^ are equal. 

Let the two straight lines AB and 
CD intersect each other at the point 
E : then will the opposite angle A EC 
be equal to D£J5, and AED=CEB. 

Tar, since the line AE meets the ^ 

line CD, the angle AEC+AED= two right angles. But 
since the line DE meets the line AB, we have DEB-^-AED^^i 
two right angles. Taking away from these equals the com- 
mon angle AED, and there will remain the angle AEC equal 
to the angle DEB (Ax. 3). 

In the same manner we may prove that the angle AED is 
equal to the angle CEB, 

THEOREM IV. 

If two triangles have two sides and the included angle of the 
one, equal to two sides and the included angle of the other, each 
to each, the two triangles will he equal, > 

. Let the triangles ABC and DEF 
bare the side AC equal to DF, CB 
to FE, and the angle C equal to the 

« 

angle F: then will ihe triangle ACB 
be equal to the triangle DEF, 

For, suppose the side AC, of the -^ ^ ^ ^ 

Criapgle ACB, to he placed on DF, so that the extremity C 
shall fall on the extremity F: then, since the sides are equal, 
A will faU on D. 

But since the angle C is equal to the angle F, the line CB 




30 GEOMETRY. 



Of Triangieg. 




will fall on FE ; and since CB is equal 
10 FE^ the extremity^ will fall on E; 
and consequently the side AB will fall 
on the side D£ (Ax. 11). Hence, the 
two triangles will fill the same space, 
and consequently are equal (Ax. 12.). -^ ^ ^ 

Scholium. Two triangles are said to be equal, when being 
applied the one to the other they exactly coincide (Ax. 12). 
Hence, equal triangles have tbeir like parts equal, each to 
each, since those parts coincide with each other. The converse 
of the proposition is also true, namely, that two . triangUs 
which hare all the parts of the one equal to the corresponding 
parts of the other ^ each to each, are equal : for if applied the 
one to the other, the equal parts will coincide. 

THEOREM V. 

[f two triangles have two angles and the included side of- the 
one^ equal to two angles and the included side of the other, ecuch to 
each, the two triangles will be equal. 

Let the two triangles ABC and 
DEF have the angle A equal to the 
angle D, the angle B equal to the 
ar.gle E, and the included side AB 
ei|ual to the included side DE : then 
will the triangle ABC hi equal to the 
triangle DEF. 

For, let the side AB be placed on the side DE, the extreme 
ity A on the extremity D ; and since the sides are equal, the 
point B will fall on the point JE^. 

Tlion since the angle A is equal to the angle i>, the side 
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AC will take the direction DF: and since the angle B is 
equal to the angle E, the side BC will fall or the side EF: 
hence, the point C will be found at the same time on DF and 
i?F, and therefore will fall at the intersection F: consequently, 
all the parts of the triangle ABC will coincide with the parts 
of the triangle DEF^ and therefore, the two triangles are equal 

/ 

THEOREM VI. 

In on isosceles triangle the angles opposite the equal sides an 

equal to each other. 

Let ABC be an isosceles triangle, hav- 
ing the side AC equal to the side CB: 
dien will the angle A be equal to the an- 

For, suppose the line CD to be drawn dividing the angle C 
into two equal parts. 

Then, the two triangles ACD and DCB^ have two sides and 
the Included angle of the one equal to two sides and the in* 
eluded angle of the other, each to each : that is, the side AC 
equal to JBC, the side CD conunon, and the included angle 
ACD equal to the included angle DCB: hence the two trian- 
gles are equal (Th. iv) ; and hence, the angle A is equal to 
die angle B. 

Cor. 1. Hence, the line which bisects the vertical angle ol 
an isosceles triangle, bisects the base. It is also perpondicu* 
tar to the base, since the angle CDA is equal to the angle 
CDB. 

Cor. 2. Hence, also, every equilateral triangle, must also 
be equiangular: that is, have all its angles equal, each to each. 
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THEOREM VII. 

Conversely. — If a triangle has two of its angles equal, tht 
sides opposite those angles tnU also be equal. 

In the triangle ABC, let the angle A be 
equal to the angle B : then will the side 
BChe equal to the side AC, 

For. if the two sides are not equal, one 
of them must be greater than the other. 
Suppose AC to be the greater side. Then 
take a part AD, equal to EC 

Now, in the two triangles ADB and ABC, we have the 
siA(yAD=:BC, by hypothesis ; the side aB common, and the 
angle A equal to the angle B: hence, the two triangles have 
two sides and the included angle of the one equal to two sides 
and the included angle of the other, each to each : hence, the 
two triangles are equal {Th. iv), that is, a part ADB is 
equil to the whole ABC, which is impossible (Ax. 8) : conse- 
quently, the side A C cawiot be groater than the side CB, and 
hence, the' triangle is isosc^cs. 

Scholium 1. The method of reasoning pursued in the last 
theorem, is called the " reductio ad absurdum," or a proof that 
leads to a known absurdity. 

Let us analyze this method of reasoning. We wished to 
prove that the two sides AC, CB were equal. We supposed 
them unequal, an! AC the greater— that was an hypothesis 
(See Def. 12). We then reasoned on the hypothesis, and 
proved a part equal to the whole, which we know to be false 
(Ax. 8) Hence, we conclude that the hypothesis is untrue, 
because after a correct chain of reasoning it leads to a resuir 
which we know to be absurd 
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ScholiMim 2. Generally, — If the deuMmstratioii is based on 
known principles, previously proved, or admitted in the ax- 
ioms, the conclusion will always be true. But, if the demon- 
Btration is based on an hypothesis, (as in the last theorem, that 
AC was the greater side), and the concluslion is contrary to 
what has been previously proved, or admitted in the axioms 
dien, it follows, that the hypothesis cannot be true. 

The former is called a direct^ and the latter an indired 
demonstration. 




THEOREM VIII. 

If two triangles have the three sides of the one equal to Ae 
three sides of the other^ each to each, the three angles toil! also he 
eqwdf each to each. 

Let the two triangles ABC, ABD, 
have the side AB equal to the side AB, 
the side AC equal to AD, and the side 
CB equal to DB : then will the corres- 
ponding angles also be equal, viz: the 
angle A will be equal to the angle A, the 
angle jB to the angle B, and the angle C 
to the angle D, 

For, suppose the triangles to be joined 
by their longest equal sides AB, and the 
line CD to be drawn. 

Then, since the side AC is equal to AD, hy hypothesis, tlie 
mangle ADC will be isosceles; and therefore, the angle A CD 
will be eqiud to the angle ADC (Th. vi). In like manner, 
m the triangle CBD, the side CB is equal to DB : hence, the 
angle BCD is equal to the angle BDC. 

Now, by the addition of equals, we have 
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ACD+BCD=ADC+BDC 
ihat is, the angle ACB^ADB. y'sV 

Now, the two triangles A CB and ADB A^ — j — ^B 
have two sides and the included angle of \L^ 

the one equal to two sides and the in- -^ 

eluded angle of the other, each to each: hence, the remaimng 
angles will be equal (Th. iv) : consequently, the angle CAB 
is equal to BAD, and the angle CBA to the angle ABD. 

Sch, The angles of the two triangles which are equal to 
each other, are those which lie opposite the equal sides. 

THEOREM IX. 

ff cfM side of a triangle is produced, the outward angle is 
greater than either of the inward opposite angles. 

Let ABC be a triangle, having the side 
AB ^roduc^d to D: then will the outward 
angle CBDlje greater than either of the 
inward opposite angles A or C. 

For, suppose the side CB to be bisected at the point JS. 
Draw AE, and produce it until EF is equal to AE, and then 
draw BF. 

Now, since the two triangles AEC and ^£Fhave AE=s 
EF and E.C=zEB, and the included angle AEC equal to Uie 
included angle BEF (Th. iii), the two triangles will be equal 
in all respects (Th. iv) : honce, the angle EBF\nll be equal 
to the angle C. But the angle CBD is greater than the aa^e 
CBFf consequently it is greater than the angle C. 

In like manner, if CB be produced to G^, and AB be bi 
sected, it may be proved that the outward angle ABG,ot ito 
equal CBD (Th. iii), is greater than the angle A. 
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THEOREM X. 

The sum of any two sides of a triangle is sweater than the 

third side. 

Let ABC he a triangle : then vfiVL the 
gum of two of its sides, as AC^ CB, he 
greater than the third side AB. 

For the straight line AB is the short- 
est distance between the two points A and B (Ax. xi): henc6| 
AC+ CB is greater than AB, 

/ THEOREM XT. 

7^ greater side of every triangle is opposite tlie greater angle : 
/and conversely y the greater angle is opposite the greater side* 

I First. In the triangle CABy let the an- 
gle C be greater than the angle B : then, 
will the side AB be greater than the side 
AC. 

YgTj draw CD^ making the angle BCD 
equal to the angle B. Then, the triangle CBB will be 
isosceles: hence, the side CD=DB (Th. vii.) 

But, by the last theorem AC is less than AD+ CD; that 
is. less than AD+DB, and consequently less than AB. 

Secondly f Let us suppose the side AB to be greater than 
AC ; then will the angle C be greater than the angle B. 

For if the angle C were equal to B, the triangle CA B 
would be isosceles, and the side AC would be equal to AB 
- (Th. vii) , which would be contrary to the hypothesis. 

Again, if the angle C were less than B, then, by the first 

part of the theorem, the side AB would be less than A C, 

which is also contrary to the hypothesis Hence, since C 

3 
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caimot be equal to By nor less than B^ it follows that it muBt 
be greater 

THEOREM XII. 

If a straight Une intersect two parallel lines , the akemate angles 

tmU be equal. 

If two parallel straight lines, AB CD^ 
are intersected by a third line GH, the 
angles AEF and EFD are called alternate '^ 
angles. It is required to prove that these 
angles are equal. 

If they are unequal one of them must be greater than the 
other. Suppose EFD to be the greater angle. 

Now conceive FB to be drawn, making the angle EFB 
equal to the angle AEF, and meeting AE in B, 

Then, in the triangle FEB the outward angle FEA is greater 
than either of the inward angles B or EFB (Th. ix.) ; and 
therefore, EFB can never be eqaaltoAEFsolongssFB meets 
EB. 

But since we have supposed EFD to be greater than AEF^ 
it follows that EFB could not be equal to AEF, if FB fell be- 
low FD. Therefore, if the angle EFB is equal to the angle 
AEF, FB cannot meet AB, nor fall below FD, and conse- 
quently must coincide with the parallel CD (Def. 30) : and 
hence, the alternate angles AEF and EFD are equal. 



Car. If a line be perpendicular to one 
of two parallel lines, it will also be per- 
pendicular to the other 
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THEOREM XIII. 

Conyersely, — If a line intersect two st^cdght lines, making the 
akemate angles equaly those straight lines mU beparalUL 

Let the line EF meet the lines. JLjS, 
CD. making the angle AEF equal to the 
angle EFD : then will the lines AB and 
CD be parallel. 

For, if they are not parallel, suppose ^Gr 

through the point F the line FG to be drawn parallel to AB, 

Then, because of the parallels AB^ FG^ the aliernate angles, 
AEF and EFG will be equal (Th. xii). But, by hypothesis, 
the angle AEF is equal to EFD : hence, the angle EFD is 
equal to the angle EFG (Ax. 1) ; that is, a part is equal to the 
whole, which is absurd (Ax. 8) : therefore, no line but CD cao 
be parallel to ^^. 

Cor. If two lines are perpendicular tc 
the same line, they will be parallel to 
each other. 



THEOREM XIV. 

If a line cut two parallel lines, the outward angle is equal to 
the inward opposite angle on the same side ; aid the two inward 
angles, on the same side, are equal to two right angles. 

Let the line EF cut the two parallels 
AB, CD i then will the outward angle 
JEGB be equax to the inward opposite an- X 
gle EHD ; and the two inward angles, C- 
BGH and GHD, will be equal to two ^ 
dglit angles. 
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Fif'st. Since the lines AB, CD, are parallel, the angle AGH 
IS equal to the alternate angle GHD E 

(Th. xii) ; W the angle AGH is equal ^ J^/^ ' B 

to the opposite angle EGB: hence, the y^ - 

angle EGB is equal to the angle EHD p 
(Ax. 1). 

Secondly. Since the two adjacent angles EGB aad-BGH 
are equal to two right angles (Th. ii) ; and since the angle 
EGB has been proved equal to EHD, it follows that the sum 
of BGH plus GHD, is also equal to two right angles. 

Cor, 1. Conversely, if one straight line meets two other 
straight lines, making the angles on the same side equal to 
each other, those lines will be parallel. 

Cor, 2. If & line intersect two other lines, making the sum 
of the two inward angles equal to two right angles, those two 
lines will be parallel. 

Cor, 3. If a line intersect two other lines, making the sum 
of the two inward angles less than two right angles, those 
lines will not be parallel, but will meet if sufficiently produced. 

THEOREM XV. 

AU straight lines which are parallel to the same line, are parallel 

to each other. 

Let the lines AB and CD be each par- q 

ailcl to EF: then will they be parallel 
to each other. 

For. let the line GI be draAvn parpen- C 

dicular to EF: then will it also be per- j^ 

pcndicular to the parallels AB, CD (Th. 
lii Cor.). 



B 
D 
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Then, siDce the lines AB and CD are perpendicular to the 
line Gly they will be parallel to each other (I'h. xiii. Cor), 

THEOREM XVI. 

If one side of a triangle be produced, the outward angle wiU he 
equcd to the sum of the inward opposite angles. 

In the triangle ABC, let the side AB 
be produced to 2) .* then will the outward 
angle CBD be equal to the sum of the in- 
ward opposite angles A and C. 

For, conceive the line BE to be draw<i 
parallel to the side AC. Then, since BC meets the two pa- 
rallels AC^ BE, the alternate angles ACB and CBE will be 
equal (Th. xii). 

And since the lino AD cuts the two parallels BE and AC 
the angles EBD and CAB are equal to each other (Th. xiv). 
Therefore, the inward angles and -4, of the triangle ABC, 
are equal to the angles CBE and EBD ; and consequently, 
the sum of the two angles, A and C, is equal to the outward 
angle CBD (Ax. 1). 

THEOREM XVII. 

In any triangle the sum of the three angles is equal to two right 

angles. 

Let ABC be any triangle: then will 
the sum of the three angles C 

A-f J5+C=:two right angles. 

For, let the side AB be produced to B £ 
Then, the outward angle 

CBD =il+ C (Th. xvi). 
3* 
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To each of these equals add the aagle 
CBA, au4 we shall h^ve 

CBD+ CBA=zA+ C+B, 
Rut the sum of the two angles CBD 
and CBAf is equal to two right angles '^ 
(Th. ii): hence 

A-^B-\-C=ztwo right angles (Ax. 1). 

Cor. 1. If two angles of one triangle be equal to two angles 
jf another triangle, the third angles will also be equal (Ax. 3). 

Cor. 2. If one angle of one triangle be equal to one angle 
of another triangle, the sum of the two remaining angles in 
each triangle, will also be equal (Ax. 3). 

Cor. 3. If one an^e of a triangle be a right angle, the sum 
of the other two angles will bo equal to a right angle ; and 
each ^ngle singly, will be acute. 

C(fr. 4. No triangle can have more than one right angle, nor 
more than one obtuse angle ; otherwise, the sum of the three 
anglus would exceed two right angles: hence, at least two 
angles of every triangle must be acute. 

THEOREM XVIII. 

I. A perpendicular is the shortest line that can be drawn ficm 
a given point to a given line, 

II. If any number of lines he drawn from the same pointy those 
which are nearest the perpendicular are less than those which are 
more remote. 

Lot i4 be a given point, and DE a 
straight line. Suppose AB to be drawn 
perpendiculai to DE, and suppose the 
oblique lines AC and AD also to be 
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drawn : Then, AB will be shorter than either of tho oblique 
lines, and AC will be less than AD 

Fir.H. Since the angle B, in the triangle ACB^ is a right 
angle, the angle C will be acnte (Hi. zvii. Cor. 3) : and smoe 
the greater side of every triangle is opposite the greater angle 
(Th. xi), the side AC will be greater than AB. 

Secondly. Since the angle ACB is acate, the adjacent angle 
AC£> will be obtuse (Th. ii) : consequently, the angle D ia 
acnte (Th. xvii. Cor. 8), and therefore less than the angle 
ACD, And since the greater side of every triangle is oppo> 
site the greater angle, it follows that AD is greater than AC, 

Car. A perpendicular is the shortest dbtance from a point 
49 a hne. 

THEOREM XIX. 

ff two rtght itngled triangles Have the kypothenuse nnd a side 
of the one equcd to the hypothenuse cmd a side of the other ^ the 
remaining parts tnU also be equally each to each. 

Let the two right angled triangles A J) 

ABC and DEF, have the hypothe- 
nuso AC equal to DF, and the side 

AB equal to DE : then will the re- 

Biaining parts be equal, each to each. " G C £ 

For, if the side BC is equal to EF, the corresponding an- 
gles of the two triangles will be equal (Th. viii). If the sides 
are unequal, suppose ^C to be the greater, and take apart, 
BG, equal to EF, and draw AG. 

Then, in the two triangles ABG and DJSf , the angle B is 

M|ua] to the angle E, the side AB to the side DE, and the side 

BG tu the side EF: hence, the two triangles are equal in all 

.lespccts (Th. iv) and consequently, the side AG is equal to 
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DF. BuL DF is equal to -4(7, by hypothesis; therefore, 
AQ- \% equal to .4(7 (Ax. 1). But this is impossible (Tk« 
zriii) ; hence, the sides BC and EF cannot be unequal ; con- 
Bequently, the triangles are equal (Th. yiii). 

THEOREM XX. 

The 9um of the four angles of every quadrilateral is equal to four 

right angles. 

Let /I OBD be a quadrilateral: then will 
AA-B+C+D^zfom right angles. 

Let the diagonal DC be drawn dividing 
the quadrilateral AB, into two triangles, 
BDC, ADC. 

Then, because the sum of the three angles of each triangle 
is equal to two right angles (Th. xvii), it follows that the sum 
of the angles of both triangles is equal to four right angles. 
Hut the sum of the angles of both triangles, make up the angles 
of the quadrilateral. Hence, the sum of the four angles of the 
quadrilateral is equal to four right angles. 

Cor. 1. If then three of the angles be right angles, the 
fourth angle will also be a right angle. 

Cor. 2. If the sum of two of the four angles be equal to two 
right angles, the sum of the remaining two will also be equal 

to two right angles. 

Oor. 3. Since all the angles of a square or rectangle, are 
'^ual to each other (Def. 48), and their sum equal to four 
right angles, it follows that each angle is equal to one right 
angle. 

THEOREM XXI. 

The sum of aU the interior angles of any polygon is equal to 
twice as many right angles, wanting four, as the figure has - 
iides 
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liCt ABODE be any polygon : then will 
ihe sum of its inward angles 

A-\-B-^C-\-D-{'E 
be et\uil to twice as many right angles, 
wanting four, as the figure has sides. 

For, from an}' point P, within the poly- if 
gon, draw the lines PA, PB, PC, PD, FE, to each of the 
angles, dividing the polygon into as many triangles as the 
figure has sides. 

Now, the sum of the three angles of each of these triangles 
is equal to two right angles (Th. xvii) : hence, the sum of the 
angles of ^all the triangles is equal to twice as many right an- 
gles as the figure has sides. 

But the sum of all the angles about the point P is equal to 
foiir right angles (Th. ii. Cor. 4) ; and since this sum makes 
no part of the inward angles of the polygon, it must be sub- 
tracted from the sum of all the angles of the triangles, before 
found. Hence, the sum of the interior angles of the polygon 
is equal to twice as many^ right angles^ ^joantisigfour, as the figure 
has sides. 

Sch, This proposition is not applicable 
to polygons which have re-entrant angles. 

The reasoning is limited to polygons 
with salient angles, which may properly 
be named convex polygons, 

THEOREM XXII. 

If every side of a polygon he produced out, the sum of aU the oui 
ward angles thereby formed, will be equal to four right angles. 
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Let ^, B, C, Df and E, be the outward 
angles of a polygon formed by producing 
ail the sides. Then will 

A f 5+ C+Z>-h£=four right angles. 

For, each interior angle, plus its exte- 
lior angle, as A+a^ is' equal to two right 
angles (Th. ii). But there are as many exterior as interior 
angles, and as many of each as there are sides of the polygon : 
hence, the sum of all the interior and exterior angles will be 
equal to twice as many right angles as the polygon has sides. 

But the sum of all the interior angles together with four right 
angles, is equal to twice as many right angles as the polygon 
nas sides (Th. xxi) : that is, equal to the sum of all the in- 
ward and outward angles taken together. 

From each of these equal sums take away the inward angles, 
and there will remain, the outward angles equal to four right 
angles (Ax. 3). 

THEOREM XXIII. 

The opposite sides and angles of every parallelogram are efual^ 
each to each : and a diagonal divides the paraUelogram into two 
tqual triangles. 

Let A BCD be any parallelogram, and 
DB a diagonal: then will the opposite 
sidos and angles be equal to each other, 
each to each, and the diagonal DB will 
divide the parallelogram into two equal 
triangles. 

For, since the figure is a parallelogram, the sides AB, DC 
are parallel, as also the sides AD, BC. Now, since th« 
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parallels are cut by the diagonal DB, the alternate angles wiH 
be equal (Th. zii) : that is the angle 

ADB=:DBC and BDC=:ABD. 

Hence the two triangles ADB BDC, having two angles in 
the one equal to two angles in the other, will have their third 
angles equal (Th. xvii. Cor. 1), viz. the angle A equal to the 
angle C, and these are two of the opposite angles of the 
paraUelogram. 

Also, if to the equal angles ADB, DBC^ we add the equals 
BDC^ ABDt the sums will be equal (Ax. 2) : viz. the whole 
angle ADC to the whole angle ABC, and these are the other 
two opposite angles of the parallelogram. 

Again, since the two triangles ADB, DBC, have the side 
DB common, and the two adjacent angles in the one equal to 
the two adjacent angles in the other, each to each, the two 
triangles will be equal (Th. v) : hence, the diagonal divides 
the parallelogram into two equal triangles. 

Car. 1. If one angle of a parallelogram be a right angle, 
each of the angles will also be a right angle, and the parallelo* 
gram will be a rectangle. 

Car. 2. Hence, also, the sum of either two adjacent angles 
of a parallelogram, will be equal to two right angles. 

THEOREM XXIV. 

Tf the opposite sides of a quadrtlaterdlf are equal, each to each, 
the equal sides wiU be paraUel, and the figure vM ,he a po' 
raUehgram. 
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Let ABCD be a quadrilateral, having 
its opposite sides respectively equal, viz. 

ABz=:CD and AD=BC 

then will these sides be parallel, and the 
figure will be a parallelogram. 

For, draw the diagonal BD, Then, the two triangles ABDf 
BDCy have all the sides of the one equal to all the sides of 
the other, each to each : therefore, the two triangles are equal 
(Th. viii) ; hence, the angle ADB, opposite the side ABl is 
equal to the angle DBC opposite the side DC ; therefore, the 
sides ADi BC^ are parallel (Th. xiii). For a like reason DC 
is parallel to ABf and the figure ABCD is a parallelogram. 

THEOREM XXV. 

J[f two opposite sides of a quadrilateral are equal and parallel^ 
the remaining sides vsiMalso he equal and parallel^ and thef^re 
vdU be a parallelogram. 

Let ABCD be a quadnlateral, having 
the sides AB^ CD, equal and parallel: 
then will the figure be a parallelogram. 

For, draw the diagonal DB, dividing 
the quadrilateral into two triangles. Then, 
since AB is parallel to DCy the alternate angles, ABD and 
BDC are equal (Th. xii) : moreover, the side BD is common ; 
hence the two triangles have two sides and the included angle 
of the one, equal to two sides and the included angle of the 
Other: the triangles are therefore equal, and consequently, 
AD is equal to BC, and the angle ADB to the angle DBC\ 
and consequently, AD is also parallel Xxy BC (Th xiii) 
Therefore, the figure ABCD is a parallelogram. 
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The two diagonals of a parallelogram divide each other into equal 
parts^ or mutually bisect each other. 

Let ABCD be a parallelogram, and 
A C, BD Its two diagonals intersecting at ^ 
E. Then will 

AEz=EC and BE;2zED.' 

A 

Comparing the two triangles AED and 
EEC, we find the side ADj=BC (Th. xxiii), the angle 
ADE=zEBC and EAD=ECB : hence, the two triangles are 
equal (Th. y): therefore, AEj the side opposite ADE^ is 
equal to EC, the side opposite EBC; and ED is equal to EB 

Seh. In the case of a rhombus (Def. 48), 
the sides AB, BC being equal, the trian- 
gles AEB and BEC have all the sides of 
the one equal to the corresponding sides 
of the other, and are therefore equal. Jl 
Whence it follows that the angles AEB 
and BEC are equal. Therefore, the diagonals of a rhombus 
bisect each other at right angles. 
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OF THE CIRCLE 

DBFINITIOMS. 

1. The ciicumference of a circle is a curve line, all tha 
points of which are equally distant from a certain point within 

caUed the centre. 

* 

2. The circle is the space bounded by this curve line. 

3. Every straight line, CA, CD, CE, drawn ^ ^ 

from the centre to the circumference, is 
called a radius or semidiameter. Every 
line which, like AB^ passes through the 
centre and terminates in the circumfe- 
rence, is called a diameter, 

4. Any portion of the ctrcumferenoe, 
as EFG^ is called an arc. 

5. A straight line, as £G, joining ibe'^ 
extremities of an arc, is called a chord, 

6 A segment is the surface or portion 
of a circle included between an arc and 
its chord. Thus EFG is a segment. 
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7. A sector ia the part of the circle in- 
cluded bc'^ween an arc and the two radii 
diawn through its extremities. Thus, 
CAB is a sector 




8. A straight line is said to be in- 
scribed in a circle, when its extremities 
are in the circumference. Thus, the 
line AB is inscribed in a circle. 




9. An inscribed angle is one wtiich 
is formed by two chords that intersect 
each other in the circumference. Thus, 
B AC is an inscribed angle. 




10. An inscribed triangle is one 
which has its three angular points in 
the circumference. Thus, ABC is an 
inscribed triangle. 




11. Any polygon is said to be in- 
scribed in a circle when the vertices of 
all the angles are in the circumference. 
The ciicle is then said to circumscribe 
the polygon. 
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12 A secant is a line which meets the 
circumference in two points, and lies 
partly within and partly without the 
circle. Thus* AB is a. secant. J[ 




13. A tangent is a line which has 
bat one point in conmion with the cir- 
cumference. Thus, CMB is a tangent. 




• 14. Two circles are said to touch 
each other internally, when one lies 
within the other, and their circumfe- 
rences have but one point in common. 




15. Two circles are said to touch 
each other externally, when one lies 
without the other, and their circumfe- 
rences have but one point in common 
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THEOREM I. 

Every chord is less than a diameter. 

Let AD be any chord. Draw 
the radii CAy CD to its extremities. 
We shall then have, AD less than 
AC+CD (Book I. Th. x*). But 
AC+CD is equal to the diameter 
AB : hence, the chord AD is less than 
the diameter. 

THEOREM n. 

If from the centre of a circle a line he drawn to the middle of 
a chords 

I. It wQl he perpendicular to the chord; 

II. And it foiU bisect the arc of the chord. 

Let C be the centre of a circle, and 
AB any chord. Draw CD through 
D, the middle point of the chord, and 
produce it to E: then will CD be 
perpendicular to the chord, and the 
arc AE equal to EB. 

First, Draw the two radii CA, CB, 
Then the two triangles ACD, DCB, 
have the three sides of the one equal to the three sides of the 




*Nolt. When reference u made from one theorem to another, in the 

same Book, the number of the theorem referred to is alone given ■ but 

when the theorem referred to is found m a preoeding Book, the number of 

the Book is also g*7en. 

4* 
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other, each to each : viz. A C equal to 
CB, being radii, AD equal to DB, by 
hypothesis, and CD common: hence, 
dio corresponding angles are equal 
(Book I. TL viii) : that is, the angle 
CDA equal to CDB, and the angle 
ACD equal to the angle DCB. 

But, since the angle CDA is equal 
to the angle CDB, the radius CE is perpendicular to the 
chord AB (Bk. I. Def. 20). 

Secondly, Since the angle ACE is equal to BCE^ the 
arc A E \vill be equal to the arc EB, for equal angles must 
have equal measures (Bk. I. Def. 29). 

Hence, the radius drawn through the middle point of a chord, 
is perpendicular to the chord, and bisects the arc of the chord. 

Cor. Hence, a line which bisects a chord at right angles, 
bisf^cts the arc of the chord, and passes through the centre of 
the circle. Also, a line drawn through the centre of the cir- 
cle and perpendicular to the chord, bisects it. 

THEOREM III. 

[f more than two eqtud lines C€m. he drawn from any point within 
a circle to the circumference^ that point will be the centre. 

Lf*t D be any point within the circle 
ABC. Then, if the three lines DA, 
DB, and DC, drawn from the point D 
o the circumference, are equal, the 
^Kiiiit D will be the centre. 

For, draw the chords AB, BC, bi- 
sect them at the points E and F, and 
ioin DE and DF. 
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Then, since the two triangles DAE and DEB have the side 
AE equal to EB^ AD equal to DB^ and DE common, they 
will be equal in all respects ; and consequently, the angle 
DEA is equal to the angle DEB (Bk. I. Th. viii); auJ 
therefore, DE is perpendicular to AB (Bk. I. Def. 20) But 
if DE bisects AB at right angles, it will pass through the 
centre of the circle (Th. ii. Cor). 

In like manner, it may be shown that DF passes through 
the centre of the circle, and since the centre is found in the 
two lines ED^ DF^ it will be found at their common inter- 
section D. 

THEOREM IV. 

Any chords which are equally distant from the centre of a ardSf 

are equal. 

Let AB and ED be two chords equally 
distant from the centre C: then will the 
two chords AB, ED be equal to each 
other. 

Draw CF perpendicular to AB, and 
CG perpendicular to ED, and since these 
perpendicfUlars measure the distances from 
the centre, they will be equal. Also draw 
CB and C£. 

Then, the two right angled triangles CFB and CEG hav 
ing the hypothenuse CB equal to the hypothenuse CE, ajid 
the side CF equal to CG, will have the third side BF equal to 
EG (Bk. I Th. xix) But, BF is the half of BA and I'.G ' 
the half of DE (Th. ii. Cnr) ; hence BA is equal to I)L 
{Ax 6). 
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THEOREM V. 

A line which is perpendicular to a radius at its extremity, is 

tangent to the circle. 

Lot the line ABD be perpendicular 
to the radius CB at the extremity B : 
(hen wiU it be tangent to the circle at 
the point B. 

For, from any other point of the 
* line, as Z), draw DFC to the centre, 
cutting the circumference in F. 

Then, because the angle B, of the 
triangle CDB, is a right angle, the angle at D is acute (Bk. I. 
Th. xvii. Cor. 3), and consequently less than the angle B. 
But the greater side of every triangle is opposite to the greater 
angle (Bk. I. Th. xi) ; therefore, the side CD is greater than 
CB, or its equal CF. Hence, the point D is without the cir- 
cle, and the same may be shown for every other point of the 
line AD. Consequently, the line ABD has but one point in 
common with the circumference of the circle, and therefore 
is tangent to it at the point B (Def. 13) 

Cor, Hence, if a line is tangent to a circle, and a radius be 
drawn through the point of contact, the radius will be perpen 
dicular to the tanofent. 



THEOREM VI. 

Tf the distance hettoeen the centres of two circles is equal to 
the sum of their radii, the two circles will touch each other 
externally. 
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JiCt C and D be the two centres, and 
suppose the distance between them to 
be equal to the sum of the radii, that is, 
to CA-{ AD 

The circumferences of the circles 
will evidently have the point A common, and they will have no 
othc r. Because, if they had two points common, that, is if they 
cut each other in two points, G and H, the distance CD be- 
tween their centres would be less than the sum of their radii 
CH, HD (Bk. J. Th. x) ; but this would be contrary to the 
supposition. 

THEOREM VII. 

If the distance between the centres of two circles is equal to^ 
the difference of their radii, the two circles wiU touch each other 
iutemaUy. 

Let C and D be the centres of two 
circles at a distance from each other 
equal to . AD—ACz=zCD, 

Now, it is evident, as in the last theo- 
rem, that the circumferences will have the 
point A common i and they can have no 
other. For, if thoy had two points common, the difference be- 
tween the radii AD and FC would not be equal to CD, the 
distance between their centres : therefore, they cannot have 
two points in common when the difference of their radii is 
equal to the distance between their centres : hence, they are 
tangent to each other. 

Sch If two circles touch each other, either externally or 
internally, their centres and the point of contact will be in the 
same straight line 
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THEOREM VIII. 




An angle at the circumference of a circle is measured hy half the 

arc that subtends it 

Let BAD be an inscribed angle : then 
will it be measured by half the arc BED, 
which subtends it. 

For, through the centre C draw the 
diameter ACE, and draw the radii BC, 
CD. 

Then, in the triangle ABC, the exte- 
rior angle BCE is equal to the sum of 
the interior angles B and A (6k. I. Th. xvi). But since the 
triangle BAC is isosceles, the angles A and B are equal 
(Bk. I. Th. vi) ; therefore, the exterior angle BCE is equal 
to double the angle BAC, 

But, the angle BCE is measured by the arc BE, which 
subtends it ; and consequently, the angle BAE, which is half 
of BCE, is measured by half the arc BE, 

It may be shown, in like manner, that the angle EAD is 
measured by half the arc ED : and hence, by the addition of 
equals, it would follow that, the angle BAD is measured by 
half the arc BED, which subtends it. 

Cor, 1. Hence, if an angle at the centre, and an angle at (he 
circumference, both stand on the same arc, the angle at the 
centre will be double the angle at the circumference. 

Cor, 2, If two angles at the circumference stand on equal 
arcs they will be equal to each other. 
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THEOREM IX. 

AS angles at the circumference, which stand upon the same are 

are eqndl to each other. 

Let the angles BAG, BDC, BFC, have 
their vertices in the circumference, and 
stand on the same arc BEC : then will 
they he equal to each other. 

For, each angle is measured hy half 
the arc BEC (Th. viii) ; hence, the an- 
gles are all equal. 




THEOREM X. 

An angle in a semicircle, is a right angle. 

Let ABBC be a semicircle : then will 
STery angle, as B, B, inscribed in it, be 
a right angle. 

For, each angle is measured by half ^ 
the semicircumference ADC, that is, by a 
quadiant, which measures a right angle 
(Bk L Th. i. Cor. 2). 




THEOREM XI. 

JjT a quadrilateral be inscribed in a circle, the sum of either twc 
ef its opposite angles is equal to two right angles. 

^ Let ABCD be any quadrilateral in- 
scribed in a circle ; then will the sum of 
the two opposite angles, A and C, or ^ .. 
and D, be equal to two right angles. 

For, the angle A is measured by half 
the arc DCB, which subtends it (Th. viii) ; 
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and the angle C is measured by half the 

arc DAB, which subtends it. Hence, 

the sum of the two angles, A and C^ is ^] 

measured by half the entire circumference. 

But half the entire circumference is the 

measure of two right angles; therefore, 

tlie sum of the opposite angles A and C is equal to two right 

angles. 

In like manner, it may be shown, that the sum of the 
two angles B and D is equal to two right angles 




THEOREM XII. 

If the side of a quadrilcAeral, inscribed in a evreU^ be jmh 
duced autf the exterior angle wiU be equal to the inward opposite 
angle 

Let the side BA, of the quadrilateral 
ABCD be produced to E, then will the 
outward angle DAE he equal to the in- 
ward opposite angle C. 

E 

For, the angle DAB plus the angle C, 

is equal to two right angles (Th. xi). But 
DAB plus DAE is also equal to two right angles (Bk. I. Th. ii). 
Taking from each the common angle DAB, and we shall have 
the angle DAE equal to the interior opposite angle C. 




theohem XIII. 
Tax) parallel chords intercept equal arcs. 
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Let the chords AB and CD be parallel: 
then will the arcs AC and BD be equal. 

For, draw the line AD, Then, because 
the lines AB and CD are paiallel, the 
alternate angles ADC and DAB will be 
equal (Bk. I. Th. xii). But the angle 
ADC is measured by half the arc AC, 
and the angle DAB by half the arc BD (Th. viii) : hence 
the two arcs AC and BD are themselves equal. 




THEOREM ZIY. 

The angle formed hy a tangent and a clwrd, is measured hy half 

the arc of the chord. 

Let BAE be tangent to the circle at the 
point A, and AC any chord. 

From A^ the point of contact, draw the 
diameter AD, 

Then, the angle BAD will be a right 
angle (Th. v. Cor), and therefore will be 
measured by half the semicircle AMD B 
(Bk. I, Th. i. Cor. 2). 

But the angle DAC being at the circumference, is measured 
by half the arc DC: hence, by the addition of equals, tho two 
angles BAD and DAC, or the entire angle 5^ C will be meas- 
ured by half the arc AMDC. 

It may be shown, by taking the difference between the t\v9 
angles DAE and DACy that the angle CAE is measured hy 
half the arc AC included between its sides. 

5 
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THCOREM XY. 

If a tangent and a chord are parallel to each other, they w3l 

intercept equal ares. 

Let the tangent ABC be parallel to the 
chord DjP; then will the intercepted arcs ^ 
DBf BF, be equal to each other. /^'' ' \ 

For, draw the chord DB, Then, since n^ v 

AC and DF are parallel, the angle ABD 
will be equal to the angle BDF. But 
ABD being formed by a tangent and a 
chord, will be measured by half the arc 
DB ; and BDF being an angle at the circumference will be 
measured by half the arc BF (Th. viii). But since the angles 
are equal, the arcs will be equal : hence DB is equal to BF, 

THEOREM XVI. 

The angle formed loithin a circle by the intersection of tvjc 
chords, is measured by half the sum of the intercepted arcs. 

Let the two chords AB and CD inter- 
sect each other at the point E : then will 
the angle AEC, or its equal DEB, be 
measured by half the sum of the inter- 
cepted arcs AC, DB, 

For, draw the chord AF parallel to 
CD. Then because of the parallels, the 
angle DEB will be equal to the angle FAB (Bk I. Th. xiv), 
and the arc FD to the arc AC. But the angle FAB is meas- 
ured by half the arc FDB, that is, by half the sum of the arcs 
FD, DB. Now, since FD is equal to AC, it follows thai the 
angle DEB, ox its equal AEC, will be measured by half the 
sum of the arcs DB and A C 
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THEOREM XVII. 

The angle formed without a circle by the intersection of 
tiDo secants is measured by half the difference of the intercepted 
arcs 

Let the two secants DE and EB inter- 
sect each other at E : then will the angle 
DEB be measured by half the intercepted 
arcs CA and DB. 

Draw the chord AF parallel to ED. D\ 
Then, because AF and ED are parallel, 
and EB cuts them, the angles FAB and 
and DEB are equal (Bk. I. Th. xiv). 

But the angle FAB^ at the circumference, is measured by 
half the arc FB (Th. viii), which is the difference of the arcs 
DFB and CA : hence, the equal angle E is also measured by 
half the difference of the intercepted arcs DFB and CA . 




THEOREM XVIII. 

An angle formed by tvx> tangents is measured by half the 

difference of the intercepted arcs. 

Let CD and DA be two tangents to 
the circle at the points C and A : then 
will the angle CD A be measured by half 
the difference of the intercepted arcs CEA 
and CFA. 

Tot, draw the chord AF parallel to the 
taitgent CD. Then, because the lines 
CD and AF are parallel, the angle BAF 
will be equal to the angle BDC (Bk. I. Th. xiv). But the 
an^le BAF^ formed by a tangent and a chord, is* measured by 
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half the aic AF^ that is, by half the 
difference of CFA and CF. 

But since the tangent DC and the 
chord ^F are parallel, the arc CF is 
equal to the arc CA: hence the angle 
BAF^ or its equal BDC^ which is meas- 
ured by half the difference of CFA and 
CFf is also measured by half the differ- 
ence of the intercepted arcs CFA and CA, 




Ccr, In like manner it may be proved 
that 4he angle E^ formed by a tangent and 
secant, is measured by half the difference 
of the intercepted arcs AC and DBA. 




THEOREM XIX. 

The chord of an arc of sixty degrees is equal to the radtus of 

the circle. 

Let AEB be an arc of sixty degrees 
and AB its chord : then will AB be equal 
to the radius of the circle. 

For, draw the radii CB and CA. 
Then, since the angle ACB is at the 
centre, it will be measured by the arc 
AEB: that is, it will be equal to sixty 
degrees (Bk. I. Def. 29). 

Again, since the sum of the three angles of a triangle is 
equal to one hundred and eighty degrees (Bk. I. Th. xvii), it 
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follows tliat the sum of the two angles A and B will be equal 
to one hundred and twenty degrees. But the triangle CAB 
is isosceles : hence, the angles at the base are equal (Bk. 1. 
Til. vi): hence, each angle is equal to sixty degieos, and 
coniequently, the side A Bis equal to AC or CB (Bk. I. Th Ti)« 



PROBLEMS 



KELATING TO THE FIRST AND SECOND BOOKS. 



The Problems of Geometry explain the methods of con- 
atmcting or describing the geometrical figures. 

For these constructions, a straight ruler and the common 
compasses or dividers, are all the instruments that are ab- 
solutely necessary. 

DIVIDERS OR COlfPJLSSES. 




The dividers consist of the two legs 3a, be^ which turn 

aasilv about a common joint at b. The legs of the dividers 

5* 
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are extended or brought together by placing the forefinger on 
the joint at 6, and pressing the thumb and fingers against ihe 
legs. 

PROBLEM 1. 

On any Une, as CD, to lay off a distance equal to AB, 

Take up the dividers with the 

thumb and second finger, and place 

the forefinger on the joint at i^. A B 

'Then, set one foot of the dividers ^ _ 

C E D 

at A, and extend the legs with the ' « 

thumb and fingers, until the other 
foot reaches B. 

Then, raise the dividers, place one foot at C, and maik 
with the other the distance CE : and this distance wil! en* 
dently be equal to AB, 

PROBLEM II. 

To describe from a given centre the circumference of a c^^ 

having a given radius. 

Let C be the given centre, and 
CB the given radius. 

Place one foot of the dividers at 
C and extend the other leg until it 
reaches to B. Then, turn the di- 
viders around the leg at C, and the 
olhei leg will describe the required 
circumference. 
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A ruler of a convenient size, is about twenty inches in 
length, two inches wide, and one fifth of an inch in thickness. 
It should be made of a hard material, and perfectly straight 
and smooth. 



PROBLEM III. 

To draw a straight line through two given points A and B. 

Place one edge of the ruler on 
A and slide the ruler aromid untO 
the same edge fails on B. Then, 
with a pen, or pencil, draw the 
iine AB, 



A 




^J.y 



PROBLEM 11 

To bisect a given line: that is, to divide it into two equal parts* 

Let AB be the given line to be 
divided. With A as a centre, and 
radius greater than lialf of AB, 
describe an arc IFE. Then, with 
i? as a centre, and an equal radius 
BI describe the arc IHE. Join 
the points / and E by the line IE: 
the point D, where it intersects 
ABf will be the middle point of the 
line AB. 




..•'J^*-. 
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For, draw the radii AI, AE ''^^''' 

BI, and BE, Then, since these 
radii are equal, the triangles AIE 
and BIE have all the sides of the 
one equal to the corresponding sides 
of the other ; hence, their corres- 
ponding angles are equal (Bk. I. 
Th. viii) ; that is, the angle AIE is equal to the angle BIE 
Therefore, the two triangles AID and B/D, have the side 
AI^=:.IB^ the angle AID=zBID, and ID common: hence 
they are equal (Bk. I. Th. iv), and AD is equal to DB. 

PROBLEM y. 
To bisect a given angle or a given arc. 

Let ACB be the given angle, 
and AEB the given arc. 

From the points A and B, as 
centres, describe with the same 
radius two arcs cutting each other 
in D, Through D and the centre 
C, draw CED, and it will divide 
the angle ACB into two equal parts, and also bisect the arc 
AEB at E. 

For, draw the radii AD and BD, Then, in the two triangles 
ACD, CBD, we have 

AC=zCB, AD=BD 

and CD common : hence, the two triangles have their corres- 
ponding angles equal (Bk I. Th. viii), and consequently, A CD 
is equal lo BCD, But since ACD is equal to BCD, it fol 
lows that the arc AE, which measures the former, is equal to 
the arc BE, which measures the latter 
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PROBLEM Yl. 



At a giten pomt tn a straight line to erect a perpendicular to f Ae 

line. 



Nj)..'" 




Let A be the given point, and BC 
the giren line. 

From A lay off any two distances, 
AB and AC, equal to each other 
Then, from the points B and C, as 
centres, with a radius greater than 
ABy describe two arcs intersecting each other at D ; draw 
DA, and it will be the perpendicular required. 

For, draw the equal radii BDy DC. Then, the two trian- 
gles, BDA, and CDA, will have 

AB=AC BD=zDC 

and AD common : hence, the angle DAB is equal to the angle 
DAC (Bk. I. Th. viii), and consequently, DA is perpendicu' 
larto5C. (Bk. I Def. 21). 



SECOND METHOD. 

When the point A is near the extremity cf the line. 

Assume any centre, as P, out of 
the given line. Then with P as a 
centre, and radius from P to ^, de- 
scribe the circumference of a circle 
Through C, where the circumference 
cuts 5il, draw CPZ). Then, through 
D, where CP produced meets the 
circumference, draw DA : then will 

DA be perpendicular to BA^ since CAD is an angle in a 
semicircle (Bk. IL Th. x). 
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PROBLEM YII. 

From a given point without a straight line to let faU a perpen* 

dicular on the line. 

Let A be the given point, and BD 
the given line 

From the point ii as a centre, with 
a radius greater than the shortest 
distance to BD, describe an arc cut- 
ting BD in the points B and D, 
Then, with B and D as centres, and 
the same radius, describe two arcs intersecting each other at 
E, Draw AFE, and it will be the perpendicular required. 

For, draw the equal radii AB, AJ), BE and DE. Then, 
the two triangles EAB and EAD will have the sides of the 
one equal to the sides of the other, each to each ; hence, their 
corresponding angles will be equal (Bk. I. Th. viii), viz. the 
angle BAE to the angle DAE, Hence, the two triangles 
BAF and DAF will have two sides and the included angle of 
the one, equal to two sides and the included angle of the other, 
and therefore, the angle AFB will be equal to the angle 
AFD (Bk. I. Th. iv): hence, AFE will be perpendicular 
eo BD. 

SECOND METHOD. 

When the given point A is nearly 
opposite the extremity of the line. 

Draw ^C, to any point C of the 
line BD. Bisect AC at P. Then, 
with P as a centre and PC as a ra- 
dius, describe the semicircle CD A ; 
draw ADy and it will be perpendicular 
to CD, since CD A is an angle in a semicircle (Bk. II. Th. x)« 
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PROBLEM VIII. 

M a given paini in a given line, to make an angle equal to a 

given angle, 

Ijei A be the given point, AE 
the given line, and IKL tjie^ven 
angle. 

From the vertex i^, as a centre, ^ ^ ^ ^ 

with any radius, describe the arc IL, terminating in the two 
sides of the angle : and draw the chord IL, 

From the point A, as a centre, with a distance AE, equal 
to KI, describe the arc DE ; then with E, as a centre, and a 
radius equal to the chord IL, describe an arc cutting DE at 
B; draw AD, and the angl^ EAD will be equal to the 
angle K. 

For, draw the chord DE, Then the two triangles IKL 
and EAD, having the three sides of the one equal to the three 
sides of the other, each to each, the angle EAD will be equal 
to the angle K (Bk. I. Th. viii). 



PROBLEM IX. 



Through a given point to draw a line thai shall be parallel to a 

given line. 

Let il be the given point and p k; 

5C the given line. \ ^^.•.-'' \ 

With A as a centre, and any ra- \^^:^^^ 1 

dius greater than the shortest dis- 
tance from A to BC, describe the indefinite arc DE, From 
the point E, as a centre, with the same radius, describe the 
arc AF : then, make ED equa to i4F and draw AD, and it 
will he the requii«d parallel. 
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For, since the arcs AF and ED 
are equal, the angles EAD and 
AEF, whicli they measure, are 
equal : hence, the line AD is 
paraUel to BC (Bk 1. Th xiii). 




Z:^C 



D 




PROBLEM X. 

Two angles of a triangle being given or knovon^ to find the third. 

Draw the indefinite line 
DBF. 

At any point, as £, make 
the angle DEC equal to one "^ E 

of the given angles, and ih&ti^CEH equal to a second, by 
Prob. VIII ; then will the angle HEF be equal to the third 
angle of the triangle. 

For, the sum of the three angles of a triangle is equal to 
two right angles (Bk. I. Th. xvii) ; and the sum of the three 
angles on the same side of the line D£ is^ equal to two right 
angles (Bk. I. Th. ii. Cor. 2) ; hence, if DEC and CEH are 
equal to two of the angles, the angle HEF will be equal lo the 
remaining angle of the triangle 

PROBLCM XI. 

Three sides of a triangle being given^ to describe the triangle. 

Let A, By an<l C, be the given 
Bides. 

Draw DjB, and make it equal lo 
iho side A. From the point D, as 
a centre, with a radius equal to the 
second side B, describe an are : O- 




Ay 
Bh 
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from £ as a centre, with the third side C, describe another arc 
intersecting the former in F: draw DF and FE: then will 
DEF be the required triangle. 

For, the three sides are respectively equal to the three linei 
Af Bf and C 




PB0BL£M XII. 

7%e adjacent sides of a parallelogram^ wUh the angle uikich they 
contain, being given^ to describe the jHtraUelogram 

Let A and B be the given sides 
and C the given angle. 

Draw the line DE and make it 
equal to A. At the point D make 
the angle J^i>jP' equal to the angle 
C. Make the side 2>-^ equal to jff. Then describe two arcs, 
one from i^ as a centre, with a radius FG equal to DE, the 
other from ^, as a centre, with a radius EO equal to DF, 
Through the point G, the point of intersection, draw the lines 
EG and FG, and DEGF will be the required parallelogram. 

For, in the quadrilateral DFGE, the opposite sides DE 
and FG are each equal io A: the opposite sides DF and 
EG axe each equal to B, and the angle EDF is equal 
to C. But, since the opposite sides are equal, they are 
also parallel (Bk. I. Th. xziv), and therefore the figure It n 
parallelogram 



PROBLEM XIII. 



To describe a square on a given line, 
6 



10811? 
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Let AB be the given line. 

At the point B draw BC perpendicu- 
lar to AB, by Problem YI, and then 
make it equal to AB, 

Then, with A bs b, centre, and ra- 
dius equal ioAB^ describe an arc ; and 
with C as a centre, and the same 
radius AB, describe another arc; and through D, their point 
of intersection, draw AD and CD: then will ABCD be the 
required square. 

For, smce the opposite sides are equal, the figure will be a 
parallelogram (Bk. I. Th. xxiv) : and since one of the angles 
is a right angle, the others will also be right angles (Bk. I. 
Th. xxiii. Cor. 1 ) ; and «ince the sides are all equal, the figure 
will be a square. 



PROBLEM XIY. 



To construct a rkomfmSy having given tJte length of one of the 

equal sides, and one of the angles.. 



-.JDf 




Let AB be equal to ihe given side, 
and E the given angle. 

At B lay off an angle, ABC, equal 
to E, by Prob. VIII. and make BC 
oqual to AB. Then, with A and C 
AS centres, and a radius equal to AB, 
describe two arcs. Through D, their point of intersection* 
draw the lines AD^ CD: then will ABCD be the required 
tlionibus. 

For, since the opposite sides are equal, they will be parallel 
\6k. 1« Th. xxiv). But they are each equal to AB, and the 
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angle B is equal to the angle E: hence, ABCD is the re-' 
quired rhombus. 



PROBLEM XV. 

To find the centre of a circle 

Draw any chord, as AB, and bisect it 
by Problem IV. Then, through F, the 
middle point, draw DCE, perpendicular 
to AB, by Problem VI. Then DCE 
will be a diameter of the circle (Bk. II. 
Th. ii. Cor.). Then bisect DE at C, 
ind C will be the centre of the circle. 




PROBLEM XYI. 

To describe the circumference of a circle through three given 
points not in the savne straight line, 

hex Ay B, C, be the given points. 

Join these points by the straight 
lines AC AB, BC. 

Then, bisect any two of these 
straight lines, as AB^ BC, by the 
perpendiculars 02), OP (Prob. iv) ; 
and the point O^ where these per- 
pendiculars intersect each other, 
will be the centre of the circle. 

l*hen with O as a centre, and a radius equal to OA, de« 
scribe the circumference of a circle, and it will pass through 
the points A, B, and C. 

For, the two right angled triangles OAP and OBP have the 
side AP equal to the side BP, OP common, and the included 
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angles OPA and OPS equal, being 
right BngleB ; hence, the side 0£ is 
equal to OA {Bk. I. Tb. iv). 

In like tnanaer it may be bLowd 
that OC is equal to OB. Hence, a 
circumference described with the 
radius OA, will pass through the 
poiots B-aud C. 

Seh. This problem enables us to describe the circuinrcrence 
of a circle about a given trinngle. For, we niity consider the 
vertices of the three angles as the three points through which 
the circnniference is to pass. 



Through a given point in the eir-eumferenee of a circle, to dravi 
a lanpenl line to the circle. 



Let A be the given point 

Through ^, draw the radius ^C to the 
centre, and then draw DAE perpendicu- 
lar to AC, by Problem VI. Then will 
DAE be tangent to the circle at the point 
A {Bk. II. Th. v). 




Through i 



given point without the drcumferente, to dram a 
tangent Une to the cireU. 
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Let C be the centre of the circle, and 
A the given point without the circle. 

Join A and the centre C, and on AC^ 
as a diameter, describe a circumference. 
Through the points B and D where 
the two circumferences intersect each 
other, draw the lines AB and AD: \ 
these lines will be tangent to the circle 
whose centre is C. 

For, since the angles ABC ^and 
ADC are each inscribed in a semicircle, they will be right 
angled (Bk. 11^ Th. x). Again, since the lines AJ9, AZ), 
are each perpendicular to a radius at its extremity, thiey will 
be tangent to'the circle (Bk. II. Th. •¥). 




PROBLEM XIX 



; 




To inscribe a circle in a given triangle. 

Let ABG be the given tri- 
angle. 

Bisect the angles A and B 
by the lines AO and BO, meet- 
ing at the point O. From 0, 
let fall the perpendiculars OD^ ^ 
OE, OF, on the three sides of 
the triangle — these perpendiculars will be equal to each other. 

For, in the two right angled triangles DAO and FAO, we 

have the right angle D equal the right angle jP, the angle FAO 

equal to DAO, and consequently, the third angles AOD and 

AOF are equal (Bk. I. Th xvii. Cor 1) But the two 

triangles have a common side AO, hence, they are equal 

(Bk. I. Th* v), and consequently, OD is equal to OF 

6* 
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In a similar manner, it may- 
be proved that OE and OD are 
equal: hence, the three per- 
pendiculars, OD, OF, and OE, 
are all equal. 

Now, if with O as a centre, 
and OF as a radius, we describe 

the circumference of a circle, it will pass through the points 
D and E. and since the sides of the triangle are perpendicular 
to the radii OF, OD, OE, they will he tangent to the circum- 
ference (Bk. II. Th. v). Hence, the circle will bo inscribed 
in the triangle. 





PROBLEM 

To inscribe an equxUUercd triangle tn a circle. 

Through the centre C draw any diam- 
eter, as ACB. From jB as a centre, with 
a radius equal to BC, describe the arc 
DCE. Then, draw AD, AE, and DE, 
and DAE will be the required triangle. 

For, since the chords BD, BE, are 
each equal to the radius CB, the arcs BD, BE, are eslch equal 
to sixty degrees (Bk. II. Th. xix), and the arc DBE to one 
hundred and twenty degreej^; hence, the angle DAE is equal 
to sixty degrees (6k. II. Th. viii). 

Again, since the arc BD is equal to sixty degrees, and the 
lie BDA equal to one hundred and eighty degrees, it follows 
that DA will be equal to one hundred and twenty degrees : 
hence, the angle DEA is equal to sixty degrees, and conse« 
quenlly, the third angle ADE, is equal to sixty degreesi 
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Theieforo, the triangle ADE is equilateral (Bk. I. TL H 
Cor. 2). 




PROBLEM XXI. 

To inscribe a regular hexagon in a drde. 

Draw any radius, &s AC. Then ap- 
ply the radius AC around the circum- 
ferenco, and it will give the chords ii-D, 
DE, EFy FG, GH, and HA, which will 

be the sides of the regular hexagon. For, .v ^^ 

the side of a hexagon is equal to the radius (Bk. II. Th. xix) 

PROBLEM XXII. 

To inscribe a square tn a given circle. 

Let ABCD be the given circle. 
Draw the two diameters AC, BD, at 
right angles to each other, and through 
the points A, B, C and D draw the 
lines AB, BC, CD, and DA: then 
wOI ABCD be the required square. 

For, the four right angled triangles, 
AOB, BOC, COD, and DOA are 
equal, since the sides AG, OB, OC, and OD are equal, being 
radii of the circle ; and the angles at O are equal in each, 
being right angles : hence, the sides AB, BC, CD, and DA 
are equal (Bk. I. Th. iv). 

But each of the angles ABC, BCD, CDA, DAB, is a right 
angle, being an angle in a semicircle (Bk. II. Th x) : hence, 
the figure ABCD is a square (Bk. I. Def. 48) 
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Sch. If we bisect the arcs AB, 
BCf CD, DAf and joia the points, 
we shall have a regular octagon in- 
scribed in the circle. If we again 
bisect the arcs, and join the points of 
bisection, we shall have a regular 
polygon of sixteen sides. 



o 



PROBLEM XXIU. 

To describe a square about a given circle, 

r>raw the diameters AB, DE^ at 
light angles to each other. Through 
the extremities A and B draw FAG 
and HBI parallel to DE^ and through 
E and D, draw FEH and GDI par- 
allel to AB : then will FGIH be the 
required square. 

For, since ACDG is a parallelogram, the opposite sides are 
equal (Bk. I. Th. xxiii): and since the angle at C is a right angle 
all the other angles are right angles (Bk. I. Th. xxiii. Cor. 1): 
and as the same may be proved of each of the figures C/, CH 
and CF, it follows that all the angles, F, (?, /, and //, are 
right angles, and that the sides C?/, IH, HF^ and FG^ are 
equal, each being equal to the diameter of the circle. Honce 
the figure GIHF is a square (Bk I. Def. 48). 
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OF RATIOS AND PROPORTIONS. 

DBFimTIONS. 

1. Ratio is the quotient arising from dividing one quantity 
by another quantity of the same kind. Thus, if the numbers 
3 and 6 have the same unit, the ratio of 3 to 6 will be 
expressed by 

3 

And in general, if A and B represent quantities of the same 
kind, the ratio of ^ to ^ will be expressed by 

B 

2. If there be four numbers, 2, 4, », 16, having such values 
that the second divided by the first is equal to the fourth di- 
rided by the third, the numbers are said to be in proportion. 
And in general, if there be four quantities A, B, C, and D, 
having such values that 

B D 
A=C' 

then, A is said to have the same ratio to B, that C has ioD, 
or, the ratio of ^ to B is equal to the ratio of C to D When 
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four quantities hare this relation to each other, they are said to 
be in proportion. Hence, the proportion of four quantities 
results from an equality of their ratios taken two and two • 

To express that the ratio of ^ to ^ is equal to the ratio 
of C to I>, we write the quantities thus : 

A : B :: C : D: 

and read, ^ is to ^, as (7 to I>. 

The quantities which are compared together are called the 
terms of the proportion. The first and last terms are called 
the extremes^ and the second and third terms, the means. 
Thus, A and D are the extremes, and B and G the means. 

3. Of four proportional quantities, the first and third are 
called the antecedents^ and the second and fourth the conse- 
quents ; and the last is said to be a fourth proportional to the 
other three taken in order. Thus, in the last proportion, A 
and C are the antecedents, and B and D the consequents. 

4. Three quantities are in proportion when the first has the 
same ratio to the second, that the second has to the third ; 
and then the middle term is said to be a mean proportional 
between the two other. For example, 

3 : 6 :: 6 : 12 ; 

and 6 is a mean proportional between 3 and 12. 

5. Quantities are said to be in proportion by inversion^ or 
inversely, when the consequents are made the antecedents.and 
the antecedents the consequents. 

Thus, if we have the proportion 

3 : 6 :: 8 : 16. 
the inverse proportion would be 

6 : 3 :: 16 : 8. 
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6. Quantities are said to be in proportion by altemaiicn^ or 
dtemaUAy^ when antecedent is compared with antecedent and 
consequent with consequent. 

Thus, if we have the proportion 

3 : 6 : : 8 : 16, 
(he alternate proportion would be 

3 : 8 : : 6 : 16. 

7. Quantities are said to be in proportion by ccmponHon^ 
when the sum of the antecedent and consequent is compared 
either with antecedent or consequent. 

ThuSy if we have the proportion 

2 : 4 : : 8 ; 16, 
flie proportion by composition would be 

2+4 : 4 :: 8+16 : 16; 
that is, 6 t 4 : : 24 : 16. 

8. Quantities are said to be in proportion by dwisioHy when 
the difference of the antecedent and consequent is compared 
either with the antecedent or consequent. 

Thus, if we have the proportion 

3 : 9 : : 12 : 36, 
die proportion by division will be 

9—3 : 9 :: 36—12 : 36; 
that is, 6 : 9 : : 24 : 36. 

9. Equimultiples of two or more quantities are the products 
which arise from multiplying the quantities by the same 
number. 

Thus, if we have any two numbers, as 6 and 5 and multiply 
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them both by any number, as 9, the equimultiples will be 54 
and 45 ; for 

6x9=54 and 5x9=45. 
Also, mxA and mxB are equimultiples of A and B, the 
common multiplier being m. 

10. Two variable quantities, A and JB, are said to be fH- 
dprocally proportional^ or inversely proportional^ when one 
increases in the same ratio as the other diminishes. When 
this relation exists, either of them is equal to a constant 
quantity divided by the other. 

Thus, if we had any two numbers, as 2 and 4, so related 
to each other that if we divided one by any number we must 
multiply the other by the same number, one would increase 
in the same ratio as the other would diminish, and their 
product would not be changed. 

THEOREM !• 

If four quantities are in proportion, the product of the two ea> 
tremes will be equal to the product of the two means. 

If we have the proportion 

A : B :: C i D 

we have, by Def. 2, 

B_D 
A'^C 
and by clearing the equation of fractions, we hare 

BC=zAD 

Sch, The general principle is verSied in the proportion 
between the numbers 

2 : 10 : : 12 : 60 

which gives 

2x60=10x12=120 
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THEOREM II. 

If fow quantities are so related to each other ^ that the product 
of two of them is equal to the product of the other two; then 
two of them may he made the means^ and the other two the 
extremes of a proportion. 

Let .A, Bf C, and D, have such values that 

BxC=AxD 
Divide both sides of the equation by A and we have 

4xC=D 

A 
Then divide both sides of the last equation by C, and we 

have 

B_D 
A^C 

hence, by Def. 2, we have 

A I B II C I D. 

Sch. The general truth may be verified by the numbem 

2X18=9X4 
which give 

2 : 4 : : 9 : 18 

THEOREM III. 

If three quantities are in proportion, the product of the two 
eaUremes wHl be equal to the square cf the middle term. 

Let US suppose that we have 

A I B .1 B I C 
Then, by Def. 2, we have 

BC 
A^B 

aud by clearing the equation of its fractions, we have 

7 
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Seh, The proposition may be yerified by the numbers 

3 : 6 : : a : 12 
which give 

3x12=6x6=36 

THEOREM IV. 

If four quantities are in proportion, they toiR be tn proper hon 

when taken alternately. 

Let A I B '. I C I D 

Then, by Def. 2, we have 

B_B 

A~~C 

C 

Multiplying both members of this equation by •—, we hare 

B 
C_D 

A'^B 

und consequently, 

A : C : : B : D. 

Sch, The theorem may be verified by the proporti(m 

10 : 15 : : 20 : 30 
for, we have, by alternation, 

10 : 20 : : 15 : 30. 

THEOREM V. 

If there he two sets of proportions, having an antecedent ami 
a consequent in the one, equal to an antecedent and a consequent 
in the other; then, the remaining terms wiU be proportional. 

If we have 
A : B : . C . D, md A : B : £ : F ; 
then we shall have 
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B D BF 

A^C ^^ A^£ 

Hence, by Ax. 1, we have 

and consequently! 

C : D :: E : F. 

Sch, The proposition may be verified by the following 
proportions, 

2 : 6 : : 8 : 24 and 2 : 6 : : 10 : 30 

which give 

8 : 24 : : 10 : 30. 

THEOREM YI. 

J/" four quantities are in proportion, they wiU he in propor itan 

when taken inversely. 

If we have the proportion 

A : B :: C : D 

we have, by Th. I, 

AxDz=zBxC, 

or BxC=AxD. 

Hence, we have, by Th. II, 

B : A : : D : C. 

Seh, The proposition may be verified by the proportion 

7 : 14 :: 8 : 16; 
which, when taken inversely, gives 

14 : 7 : : 16 : 8. 

THEOREM VII. 

If four quantities are in proportion, they wiU be in proportion by 

composition. 
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Let us suppose that we have 

A : B :: C : D 
we fihal] then have 

AxD=BxC. 
To each of these equals, add BxD, and we have 

{A+B)xD={C+D)xB: 
and by separating the factors by Th. II, we have 
A+B I B II C+D : D. 

Sch. The proposition may be verified by the following 
proportion, 

9 : 27 : : 16 : 48. 
We shall have, by composition, 

9+27 : 27 :: 16+48 : 48, 
that is, 36 : 27 : : 64 : 48, 

m which the ratio is three fourths. 

THEOREM VIII. 

If four ^[uantities are in proportion^ they wiU be in proportion 6y 

division. 

Let us suppose that we have 

A I B II C I D; 
we shall then have 

AxB^BxC. 
From each of these equals let us subtract BxD, and we 
have 

{A-B)xD={C--D)xB; 
and by separating the factors by Th. II, we have, 
A—B : B : : C^D : D. 

Sch The proposition may be verified by the proportion, 
24 • 8 : : 48 : 16. 
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We have, by division, 

24-8 : 8 :: 48-16 : 16; 
that is, 16 : 8 : : 32 : 16 ; 

in wbich the ratio is one -half. 

THEOREM (X. 

Egucd multiples of ttoo quantities have the same ratio as the 

quantities themselves. 

If we have the proportion 

A : B :: C : D 
we shall have 

B_D 

Kow, let M be any number, and by it multiply the nu- 
merator and denominator of the first member of the equation 
which will not change its value : we shall then have 

My.B JD 
MxA^C 
and hence we have 

MxA : MxB :: C : D, 
that is, the equal multiples MxA and MxB, have the same 
ratio as ^ to jB. 

Sch. The proposition may be verified by the proportion, 

5 : 10 : : 12 : 24 ; 

for, by multiplying the first antecedent and consequent by any 
monber, as 6, we have 

30 : 60 : : 12 : 24, 
lA which the ratio is still 2. 
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TH£OREM X. 

If four qttantities arc proportional, and one antecedent and tis 
consequent be augmented by quantities which have the same ratio 
as the antecedent and consequent, the four quantities will stUl he 
in proportion. 

Let us take the proportions 

A : B : i C : D, snd A : B : : E : F, 

which give 

AxD=BxC and AxFzizBkE; 

adding these equals we have 

Ax(D+F)=Bx{C+E)i 
and by Th. II, we have 

A : B : : C+JE : D+F 
in which the antecedent C and its consequent D, are augment- 
ed by the quantities E and F, which have the same ratio. 

Sch, The proposition may be verified by the proportion, 

9 : 18 : : 20 : 40, 
in wMch the ratio is 2. 

If we augment the antecedent and its consequent by 15 and 
30, which have the same ratio, we have 

9 : 18 : : 20+15 : 404 30 

that is, 9 : 18 : : 35 • 70, 

in nhich the ratio is still 2. 

THEOREM XI. 

If four quantities are proportional, and one antecedent and its 
consequent be diminished by quantities which have the same ratio 
OS the antecedent and consequent, the four quantities will stiU be 
in proportion 
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Let lis take the proportions 
A : 5 : : C : 2>, and A : B : : E i F. 
whicli gyre 

AxD=BxC and AxF=BxE. 
By subtracting these equalities, we have 

Ax(D-jP)=Bx(C-J5;); 
and by Th. II, we obtain 

A : B :: C—E : D-F, 
in which the antecedent and consequent, C and D, are diiuiA- 
ished by E and F, which have the same ratio. 

Sch, The proposition may be verified by the proportion, 

9 : 18 : : 20 : 40, 
for, by diminishing the antecedent and consequent by 15 and 
30, we have 

9 : 18 :: 20—15 : 40-30; 

that is 9 : 18 : : 5 : 10 

in which the ratio is still 2. 

THEORE&I XII. 

If toe have several sets of proportions, having the same rattOf 
a»iy antecedent toill be to its consequentf as the sum of the ant9' 
cedents to the sum of the consequents. 

If we have the several proportions, 

A : B :: C : D which gives Ax i)=BxC 
A : B :: E : F which gives Axi^=J5 XJSf 
A : B :: G : H which gives AxH=BxO 

We shall then have, by addition, 

Ax{D+F+H)=Bx{C-rE+G); 
and consequently, by Th. XL 

A ; B :: C-{-E-\-G : Di'F-{-H, 
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Seh. The proposition may be verified by the following 
pToportions : viz. 
2 : 4 : : 6 : 12 and 1 : 2 : : 3 : 6 

Then, 2:4:: 6+3 : 12+6; 
that is, 2 : 4 : : 9 : 18, 

in which the ratio is still 2. 

THEOREM ZIII. 

If four quantities are in proportion^ their squares or cules w8i 

also he proportional. 

If we have the proportion 

A : B :: C : Dt 
it gives 

A'^C 
Then, if we square both members, we have 

B' D* 

and if we cube both members, we have 

B^_D^ 

and then, changing these equalities into a proportion, we have 
for the first, 

a"" : ^ :: (f : D\ 
and for the second 

A^ : ^ :: C^ I D\ 

Seh. We may verify the proposition by the proportion, 

2 : 4 : : 6 : 12, 
and by squaring each lenu wo have, 

4 : 16 : . 36 ; 144 
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Qumbers which are still proportional, and in which tho ratio 
b 4. 

If vre cube the numbers we have, 

2* 2 4* : • 6* • 12' 
that is, 8 : 64 :• 2|6 • 1728, 

in w'hich the ratio, is 8. 

THEOREM XIY. 

If we have two sets of proportional quantities^ the products of 
the corresponding terms toiU he proportional. 

Let US take the proportions, 

A I B :: C : D which gives "7=7? 

F H 
E I F \ I G : H which gives p=77 

Multiplying the equalities together, we have 

BxFDxH 
AxE^CxG 
and this by Th. II, gives 

AxE : BxF :: CxG : DxH. 

Sch. The proposition may be verified by the follow mg 
proportions : 

8 : 12 : : 10 : 15, 
and 3 : 4 : : 6 : 8; 

we shall then have 

24 : 48 : : 60 : 120 
which are proportional, the ratio being 2. 
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01^ TfiB MEASUREMENT OF AREAS, AND THB 
PROPORTIONS OF FIGURES. 

DKFIKITIOlfS. 

1 Similar figures, are those which have the angles oi the 
one equal to the angles of the other, each to each, and the 
oides about the equal angles proportional. 

2. Any two sides, or any two angles, which are like placed 
in the two similar figures, are called homologous sides or 
angles. 

3. A polygon , which has all its angles equal, each to each, 
and all its sides equal, each to each, is called a regular polygon, 
A regular polygon is both equiangular and equilateral. 

4. If the length of a line be computed in feet, one foot is 
the unit of the line, and is called the linear unit. If the length 
of a line be computed in yards, one yard is the linear unit 

5. If we describe a square on the unit 
of length, such square is called the unit of 
suiface. Thus, if the linear unit is one 
fool, one square foot will be the unit of 
surface, or superficial unit. 



1 fbot. 
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6. If the linear unit is one yard, one 
square yard will be the unit of surface ; 
and this square yard contains nine square 
feet. 



7. The area of a figure is the measure of its surface. The 
unit of the number which expresses the area, is a square, the 
side of which is the unit of length. 

V 

8. Figures have equal areas, when they contain the same 
measuring unit an equal number of times. 

9. Figures which have equal areas are called equivalent. 
The term equals when applied to figures, implies an equality 
in all respects. The term equivalent, implies an equality in 
one respect only : viz. an equality in their areas. The sign 
*C>=, denotes equivalency, and is read, is equivalent to, 

TIIEOllEM T. 

Parallelograms which have equal bases and equal altitudes, are 

equivalent. 

Place the base of one parallel- 
ogram on that of the other, so that 
AB shall be the common base of 
the two parallelograms ABCD 
and ABEF, Now, since the par- 
allelograms have the same altitude, their upper bases, DC and 
FE, will fall on the same line FEDC, parallel to AB. Since 
the opposite sides of a parallelogram are equal to each other 
(Bk. I Th. xxiii), AD is equal to BC. Also, DC and FE are 
ftacli equal to AB : and consequently, they are equal to each 
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Other (Ax. 1 ). To each, add ED : 
then will CE be equal to DF. 

But since the line FC cuts the 
t«ro parallels CB and DA, the 
angle BCE will be equal to the 
angle ADF (Bk. I. Th. xiv) : hence, the two tnangles ADF ' 
and BCE have two sides and the included angle of the (me 
equal to two sides and the included angle of the other, eacli 
to each ; consequently, they arc equal (Bk. I. Th. iv). 

If then, from the whole space ABCF we take away die tri- 
angle ADF, there will remain the paralleUogram ABCD ; hul 
if we take away the equal triangle BEC, there will remain tlie 
parallelogram ABEF: hence, the parallelogram ABEF ia 
equivalent to the parallelogram ABCD (Ax. 3). 

Cor. A parallelogram and a 
rectangle, having equal bases and 
equal altitudes, are equivalent. 

THEOREM U. 

Triangles which have equai bases and tqwd attitudes, an 

equivalent. 

Place the base of one triangle F D E. ^? 

on that of the other, so that ABC \ / \( ^/^ 
and ABD shall be two trian- \ / /^)>\ / 

gles, having a common base AB^ jr^^ ^^ 

and for thoir altitude, the distance 

between the two parallels AB, FC: then will the triangle 

kBC be equivalent to the triangle ADB. 

For, through A draw AE parallel to BC, and AF parallel lo 
UD, forming the two parallelograms BE and BF Then, 
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eince these parallelograms have a common base and equal 
aldtades, they will be equivalent (Th. i). 

But the triangle ABC is half the parallelogram BE (Bk. I. 
Th. zziii) ; and ABZ> is half the equal parallelogram BF, 
hence, the triangle ABC is equivalent to the triangle ABD^ 

THEOREM III. 

If a triangle and a parallelogram have eqiud bases and eqtud 
aUitudes, the triangle will be half the parallelogram. 

Place the base of the triangle on the 
base of the parallelogram, so that AB 
shall be the common base of the tri- 
angle and parallelogram : then will the 
triangle ABE be half the parallelogram 
ED. 

For, draw the diagonal AC. Then, since the altitude o( 
the triangle AEB is equal to that of the parallelogram, the 
vertex will be found some where in CD, or in CD produced. 
Now the two triangles ABC and ABE, having the same base 
ABy and equal altitudes, are equivalent (Th. ii). But the tri- 
angle ABC is half the parallelogram BD (Bk. I. Th. xxiii) : 
hence, the triangle ABE is half the parallelogram BD (Ax. 1). 

Cor. Hence, if a triangle and a rect- 
angle have equal bases and equal alti- 
tudes, the triangle will be half the 
rectangle. 

For the rectangle "would be equiva- 
lent to a parallelogram of the same base 
and altitude (Th. i. Cor.), and since the triangle is half the 

parallelogram, it is also equivalent to half the rectangle 

8 
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THEOREM IV. 

Rectangles which are described on equal lines are equivalent. 

Let BD and FHhe two rectangles, 
having the sides AB, BC^ equal to 
the two sides EF^ FG, each to 
each: then will the rectangle ABCD^ 
described on the lines AB, DC^ be 
equivalent to the rectangle EFGH, 
described on the lines EF, FG. 

For, draw the diagonals AC, EG, dividing each parallel* 
cgram into two equ&l parts. 

Then the two triangles, ABC, EFG, having two sides and 
the included angle of the one equal to two sides and the in- 
cluded angle of the other, each to each, are equal (Bk. I. 
Th. iv). But these equal triangles are halves of the respective 
rectangles (Th. iii. Cor.) : hence, the rectangles are equal 
(Ax. 7) ; and consequently equivalent. 

Cor, The squares on equal lines are equal. For a square 
€S but a rectangle having its sides equal. 



THEOREM V. 



Two rectangles having equal altitudes are to each other as their 

bases. 



Let AEFDdindEBCF be two JO 
rectangles having the common alti- 
tude AD ; then will they be to each 
other as the bases A E and EB. ' 



I I 



E 



.U 



For, suppose the base A E to he to the base EB, as any two 
numbers, say the numbers 4 and 3. Let AE he then divided 
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Into four equal parts, and EB into three equal parts, and 
through the points of division draw parallels to AD We 
fill a] I thus form seven rectangles, all equivalent to each other 
since they have equal bases and equal altitudes (Th. iv). 

But the rectangle AEFD will contain four of these partial 
rectangles, while the rectangle EBCF will contain three ; 
hence, the rectangle AEFD will be to the rectangle EBCF as 
4 to 3 ; that is, as the base AE to the base EB. 

The same reasoning may be applied to any other rect- 
angles whose bases are whole numbers : hence, 

AEFD : EBCF ii AE i EB. 

THEOREM YI. 

A ny two rectangles are to each other as the products of thetf 

bases and altitudes* 

Let ABCD and AEGF be ll_ 
two rectangles : then will 
ABCD : AEGF • ; ABxAD 
: AFxAE 

For, having placed the two 
rectangles so that BAE and 
DAF shall form straight lines, produce the sides CD and GE 
until ihey meet in H. 

Then, the two rectangles ABCD, AEHD, having the com« 
mon altitude AD, are to each other as their bases AB and 
AE (Th. v). In like manner, the two rectangles AEHD 
AEGF, having the same altitude AE, are to each other is 
their bases AD and AF. Thus, we have the proporti(ms 

ABCD : AEHD : : AB : AE, 
AEHD : AEGF : : AD i AF. 




88 



6X0MBTBY. 



Of Ke otanglei. 



I^ now, we multiply the cor- 
responding terms together, the 
products will be proportional 
(Bk. lU. Th. xiy.); and the 
common multiplier AEHD may 
be omitted (Bk. III. Th. iz.) : 
hence, we shall have 

ABCD : AEGF : : ABxAD 



H n 


c 


E 










A 


b 



AJSxAF. 



Sch. Hence, the product of the base 
by the altitude may be assumed as the 
measure of a rectangle. This product 
will give the number of superficial units 
in the surface : because, for one unit in 
height, there are as many superficial units 
as there are linear units in the base y for two units in height, 
twice as many; for three units in height, three times 
many, &c 



THEOREM Vn. 

The sum of the rectangles contained by one line^ and the 
several parts of another line any way divided, is equiifaleni to the 
rectangle contained by the two whole lines. 

Let AD be ore line, and AB the other, 
divided into the parts AE, EF, FB : then 
will the rectangles contained by AB and 
AE, AB and EFy AB and FB, be equiv- 
alent to the rectangle A C whi^h is con- 
tained by the lines AB and AB. 

For, through E and F draw 
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be equal to tbe rectangle of ADxAE ; EH will be eqii^ to 
EGxEFj or to ADxEF; and FC will be equal to FHx FB, 
or to ADxFB. 

But the rectangle AC iM equal to the man of the imrtial 
rectansd^s: hence, 

AD X AB=C^AD X AE+AD x EF+AD X FB. 

THEOREM Yin. 

The area of any paraUeUgram is equal to the product of its hose 

hy its altitude. 

Let ABCD be any parallelogram, and 
BE its altitude : then will its area be 
equallo ABxBE. 

For, draw AF perpendicular to the 
base AB, and produce CD to F. Then, 
the parallelogram BD and the rectangle 2>JP, having the same 
base and altitude are equivalent (Th. i. Cor.). But the area 
of the rectangle BF is equal to the product of its base ^^ by 
the altitude AF (Th. vi. Sch.) : hence, the area of the paral- 
lelogram is equal to AB X BE. 

Cor. Parallelograms of equal bases are to each other as theii 
altitudes ; and if their altitudes are equal, they are to each 
other as their bases. 

For, let B be the common base, and C and D the altitudes 
of two parallelograms. Then, by the theorem, their areas are 
to each other, as 

BxC : BxD, 
that is, (Bk. III. Th ix), as C: D 

If A and B be their bases, and C their common altitudej 

then they will be to each other as 

AxC : BxC: that is, as A : B. 

8* 
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THEOREM IX. 

The area of a triangle is equal to half the prodiict of its hose fiy 

its altitude. 

Let ABC be any triangle and CD its 
altitude : then wiU its area be equal to 
half the product of AB x CD, 

For, through B draw BE parallel to 
AC^ and through C draw CE parallel 
\o AB : we shall then form the parallelogram AE, having the 
same base and altitude as the triangle ABC, 

But the area of the parallelogram is equal to the product ol 
the base AB by its altitude DC ; and since the parallelogram is 
double the triangle (Th. iii), it follows that the area of the tri 
angle is equal to half this product : that is, to half the product 
oi ABx CD, 

Cor. Two triangles of the same altitude are to each other 
as their bases ; and two triangles of the same base are to each 
other as their altitudes. And generally, triangles are to each 
other as the products of their bases and altitudes. 



THEOREM X. 



The area of a trapezoid is equal to half the product of its cdtitude 
multiplied by the sum of its parallel sides. 



Let ABCD be a trapezoid, CG 
its altitude, and AB, DC its par- 
ilicl sides: then will its area be 
equal to half the product of 
CGx{AB+DC), 



I) C H V 




A~~G 
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For, produce AB until BE ia equal to DC, and complete 
the rectangle AF ; also, draw BH perpendicular to AB, 

Then, the rectangle AC will be equivalent to BF^ since ihey 
hare equal bases and equal altitudes (Th iv). The diagonal 
BC will divide the rectangle GH into two equal triangles; 
and hence, the trapezoid ABCD will be equivalent to the 
trapezoid BEFC ; and consequently, the rectangle AF, is 
double the trapezoid ABCD, 

But the rectangle AF is equivalent to the product of 
ADxAE; that is, to CGx{AB-l-DC)\ and consequently, 
the trapezoid ABCD is equal to half that product, 

THEOREM XI. 

If a line be divided into two parts, the square described on the 
whole line is equivalent to the sum of the squares described on tho 
two parts, together with twice the rectangle contained hy the parts. 

Let the line AB be divided into two 
parts at the point E: then will the square 
described on AB be equivalent to the two 
squares described on AE and EB, to- 
gether with twice the rectangle contained 
by AE and EB : that is 

aS^OAE^+ EB^-\-2AE X EB. 

Foi let AC he a. square on A B, and AF b, square on A E, 
and produce the sides EF and GF to H and /. 

Then, since EH is equal to AD, being the opposite side of 
a rectangle, it is also equal to AB ; and GI is likewise equal 
to AB If, therefore, from these equals we take away EF and 
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G 



H C 



GFf there will remain FH equal to FI, 
and each will be equal to HC or IC ; and 
since the angle at F is a right angle, it 
follows that FC is equal to a square de- 
scribed on EB. It also follows, that DF 
and FB are each equal to the rectangle 
of AE into EB. 



E B 



But the square ABCD is made up of four parts, viz., the 
square on AE ; the square on EB ; the rectangle DF, and 
the rectangle FB, Hence, the square on ^£ is equivalenl 
to the square on AE plus the square on EB^ plus twice the 
rectangle contained by AE and EB. 

Cor. If the line AB be divided into 
two equal parts, the rectangles DF and 
FB would become squares, and the square 
described on the whole line would be 
equivalent to four times the square de- 
scribed on half the line. 

Sch. The property may be expressed in the language of 
algebra, thus, 

{a+bf=za^+2ab+b.* 



— ■ f 



THEOREM XII. 



T*he square described on the hypotkenuse of a right cmglei 
triangle y is equivalent to the sum of the squares described on the 
other two sides. 
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Of Bight Angled Triangles. 

Let £ AC be a right an- 
gled triangle, right angled at 
A: then will the square de- 
scribed on the hypothennse 
BCf be equivalent to the two 

squares ' described on JBA 

and A C. 

Having described tlie 

squares BG, JBL, and AI^ 

let fall from A, on the hy- 

potbenuse, the perpendicular 




AD, and produce it to J^; then draw the diagonals AF^ CH, 
Now, the angle ABF is made up of the right angle FBO 
and the angle OB A ; and the angle CBH is made up of the 
right angle ABH and the same angle OBA : hence, the angle 
ABF is equal to CBH. But FB is equal to BO, being sides 
of the same square ; and for a like reason, BA is equal to 
HB. Therefore, the two triangles ABF and CBH, having 
two sides and the included angle of the one equal to two sides 
and the included angle of the other, each to each, are equal 
(Bk. I. Th. iv). 

Since the angles BA and BAL are right angles, as 
also the angle ABH, it follows that CAL is a straight line 
parallel to BH (Bk. I. Th. ii. Cor. 3). Hence, the square 
HA and the triangle HBC stand on the same base and be- 
tween thd same parallels; therefore the triangle is half tlie 
square (Th. iii^ Cor.). For a like reason, the triangle ABF 
is half the rectangle BE, 

But it has already been proved that the triangle ABF is 
equal to the triangle CBH: hence, the rectangle BE, which 
is double the former, is equivalent to the square BL, which ia 
double the latter (Ax. 6). 
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In the same manner it 
may be proved, that the rect- 
angle DG is equivalent to 
the square CK, 

Bui the two rectangles 
BE, DGy make up the 
square BG : therefore, the 
square BG, described on 
the hypothenuse, is equiva- 
lent to the squares BL and 
CK, described on the other 
two sides. 

Cor. Hence, the square of either side 
of a right angled triangle is equivalent to 
the square of the hypothenuse dimini&hed 
by the square of the other side. That is, 
in the light angled triangle ABC 

aS^oa^-^b^ 





or BC'=0 

Sch, The last theorem 
may be illustrated by de- 
scribing, a square on the hy- 
pothenuse BC, equal to 5, 
also on the sides BA, AC, 
respectively equal to 4 and 3 ; 
and observing that the num- 
ber of small squares in the 
large square is equal to the 
number in the two small 
squares. 



;2 



AC'-^AR 
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Of Triangle Sideg cat Proportionally. 

THEOREM XIII. 

Jf a line be drawn parallel to the base of a triangle, it will divide 

the other two sides proportionally. 

Let ABC be any triangle, and BE a 
straight line drawn parallel to the base 
EC: then will 

AD I DB II AE I EC. 

For, draw BE and DC. Then, the 
tiro triangles BDE and DCE have the 
same base DE, and the same altitude, 
since their vertices B and C, lie in the line BC parallel to 
DE : hence, they are equivalent (Th. ii). 

Again, the triangles ABE and BDBy have a common ver- 
tex Ey and the same altitude ; consequently, they are to each 
other as their bases (Th. ix^ Cor.) ; hence, we have 
ABE : BBE : : AB : BB. 

But the triangles ABE ond CBE, having a common vertex 
D, are to each other as their bases AE and EC : hence, we 

have 

ABE : CBE : : AE : EC. 

But the triangles BBE and CBE have been proved equiva- 
lent: hence, in the two proportiqns, the first antecedent and 
consequent in each are equal : therefore, by (Bk. III. Th. v) 

we have 

AB : BD :: AE I EC. 

Cor. The sides AB, AC, are also proportional to the parts 
AB, AE, or to BB, CE. 

For, by composition (Bk. III. Th. vii), we have 

AB^BB : BB :: jUS+JSC : EC. 

Then, by alternation (Bk. III. Th. iv). 
AB : AC:: BB : EC, hence, also, AB : AC : : AD : AE 
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THEOREM ZIV. 

A line which bisects the vertical angle of a triangle divider 
the base into two segments which are proportional to the adjacent 
9ide. 

Let A CB be a triangle, hav- 
ing the angle C bisected by the \ X. A^ 
line CD: then will 
AD : DR :: AG : CB. 




For, draw BE parallel to 
CD and produce AC to JS. 
Then, since CB cuts the two 
parallels CD, UB, the alternate angles BCD and CBJE are 
equal (Bk.I. Th. xii) : hence, CBE is equal to angle A CD, 

But, since AJS cuts the two parallels CD, BE^ the angle 
ACD is equal to CEB (Bk. I. Th. xiv) : consequently, the 
angle CBE is equal to the angle CEB (Ax. I) : hence, the 
side CB is equal to CE (Bk. I. Th. vii.) 

Now, in the triangle ABE the line CD is drawn parallel 
to BE: hence, by the last theorem, we have 

AD : DB :: AC : CE, 
and by placing for CE, its equal CB, we have 

AD : DB :: AC : CB. 



THEOREM XV. 

Equiangular triangles have their sides proportional, and Wf^ 

similar, 
Ij^t ABC mdi DEFh^ two equi- 
angular triangles, having the angle 
A equal to the angle D, the angle C 
to the angle F, and the angle B to 
the angle E : then will 

AB : AG :: DE : DF 




I 



I 
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For, on the sides of the larger triangle DEF, make Dl 
aqual to AC and DG equal to AB, and join IG. Then the 
two triangles ABC and DIG, having tvvo sides and tlie in- 
ohided angle of the one equal to two sides and the included 
angle of the other, each to each, will be equal (6k. I Th. iv) 
Hence, the angles / and G are equal to C and B, and conpo 
quently, to the angles F and E : therefore, IG is parallel to 
EF (Bk. I. Th. xiv. Cor. 1). 

Now, in the triangle DEF, since IG is parallel to the base, 
we have (Th. xiii}. 



chat is, 



DG ; 


\ DI :i DE I 


DF, 


AB 


AC i: DE I 


DF. 


4 


THEOREM XVI. 





Two triangles wUch have their sides proportional are equiaii' 

gular and similar. 

Let BAC and EDF be two 
triangles having 

BC : EF :i AB I ED, 
and BC I EF I : AC : DF; 

m 

then will they have the corres- 
ponding angles equal, viz., the angle 

B=:E, Az=D and C=F. 

For. at the point E make FEG equal to the angle B, 
and at F make the angle EFG equal to the angle C: Then 
will the angle at G be equal to A, and the two triangles BAC 
and EGF will be equiangular (Bk. I. Th. xvii. Cor 1). 

Therefore, by the last theorem we shall have 

BC : EF XI AB I EQ; 
9 
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but by hypothesis, 

BC : EF :: AB : DE: 

hence, EG is equal to ED. 

Bv the last theorem we also 
have 

BC : EF : : AC 
and by hypothesis, 

BC : EF :: AC : DF; 

bonce, FG is equal to DF. 

Therefore, the triangles DEF and EGF, having their three 
sides equal, each to each, are equiangular (Bk. I. Th. viii). 
But, by construction, the triangle EFG is equiangular with 
BAC: hence, the triangles BAC and EDF are equiangular, 
and consequently they are similar. 

Sch, By Tlieorem XV, it appears that if the corresponding 
angles of two triangles are equal, each to each, the correspond- 
mg sides will be proportional ; and in the last theorem it was 
proved that if the sides are proportional, the corresponding 
angles will be equal. 

Now, these proportions do not hold good in the quadrilate- 
lals. For, in the square and rectangle, the corresponding 
angles are equal, but the sides are not proportional ; and the 
angles of a parallelogram or quadrilateral, may be varied al 
pleasure, without altering the lengths of the sides. 



THEOREH XVII. 

If two triangles have an angle in the one equal to an angle in 
the other, and the sides containing these angles proportionuljihe 
iioo triangles will he equiangular and similar > 
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Let ABC and DEF be two tri- 
angles having the angle A equal to 
the angle D, and 

AB : DE :: AC I DF; 

tLen will the two triangles be 
similar. 

Foty lay off AG equal to DE^ and through G draw GI par* 
allel to BC. Then the angle AGI will be equal to the angle 
ABC (Bk. I. Th. xir) ; and the triangles AGI and ABC will 
be equiangular. Hence, we shall have 

AB I AG II AC : AL 

But, by hypothesis, we have 

AB : DE i: AC I DF, 

and by construction, AG ia equal to DE ; therefore, AI is 
equal to DF, and consequently, the two triangles A GI and 
DEF are equal in all their parts (Bk. I. Th. iv). But the tri- 
angle ABC is similar to AGI, consequently it is similar to 
DEF 



THEOREM XYIII. 

If from the right angle of a right angled tnangte, aperperi' 
dicular be let fall on the hypothenuse, then 

I. The two partial triangles thus formed wiU be similar to 
each other and to the whole triangle, 

II. Either side including the right angle wiU be a mean pro- 
portional between the hypotlienuse and the adjacent segment, 

III. The perpendicular wUl be a mean proportional between ike 
eegments of the hypolhenuse 

580376 
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Let ABC be a right angled 
triangle, and AD perpendicular 
to the hypotkenuse. 

'fhe two triangles BAC and . 
BAD having the common angle 
6y and the right angle BAC equal 
to the right angle at D, will be equiangular (Bk. I. Th. xvii 
Cor. 1); and, consequently, similar (Th. xv). For a like 
reason the triangles BAC and CAD are similar. 

Now, from the triangles BAC and BAD, we have 

BC : BA : : BA : BD. 

From the triangles BAC and CAD^ we have 
BC : CA :: CA : CDi 
and from the triangles BAD and DAC, we have 

BD : AD :: AD '. DC, 

Cor. If from a point Ay in the 
circumference of a circle, AD be 
drawn perpendicular to any diam- 
eter as J?C, and the chords AB 
A C be also drawn, then the an- 
gle BA C will be a right angle 
(Bk. II. Til. x): and by the 
theorem we shall have, 

1st The perpendicular AD a mean proportional between 
the segments BD and DC. 

2d Fach chord will be a mean proportional between the 
diameter and the adjacent segment. 




That is. 



\t 



AD'=:BDxDC 
A.i?-BCYBD 
A'C^=nCxCD 
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THEOREM XIX. 

Similar triangles are to each other as the squares described on 

their homologous sides 

Lot ABC and DBF be 
two similar triangles, and 
A L and DN the squares de- 
scribed on the homologous 
tides ABy DE : then will 
the triangle 

ABC : DEF : : AL : DN. 

For, draw CG and FH perpendicidar to the bases AB, DE. 
and draw the diagonals BK and EM, 

Then, the similar triangles ABC and D£Ff having their 
homologous sides proportional, we have 

AC : DF :: AB : DE; 

and the two ACG, DFH, give 

• AC I DF 11 CG I FH; 
bencdy (Bk. III. Th. v), we have 

AB : DE :: CG : FH, 
or (Bk. III. Th. iv), 

AB : CG :: DE : FH. 

Now, the two triangles ABC and AKB have the common 
base AB ; and the triangles DEF and DEM have the common 
base DE ; and since triangles on equal bases are to each other 
as their altitudes (Th. ix, Cor.), we have 
the triangle 

ABC : ABK : : CG : AK or AB 
and the triangle, 

DEF : DME i: FH : DM ox DE. 



9' 
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FH : DE; 
DEF : DME, 



But we have proved 

CG : AB 

hence, ABC : ABK 

or alternately, 

ABC : Z>JE;JF :: ABK : DME. 

F 

But the squares AL and 

DN being eachJdouble of the 
triangles AKB and DifE ^ 
have the same ratio ; hence, 



ABC : DEF : 



b AL : DiV. 





THEOREM XX. 



Two similar polygons may be divided into tm equal number of 
triangles^ similar each to each, and similarly placed. 

Let ABCDE and FGHIK be two similar polygons. 
. From the angle A draw 
the diagonals AC^ AD: 
and from the homologous 
angle F, draw FH, FL 

Now, since the poly- 
gons are similar, the ho- 
mologous angles B and G 
will be equal, and the sides about the equal angles, propor- 
tional (Dof. 1): that'i3, 

AB : BC :i FG I GH. 

Hence, tlie triangles ABC and FGH have an angle in each 
equal, and the sides about the equal angles proportional : there- 
fore, they are similar (Th. xvii), and consequently, the angle 
A CB is equal to FHG. Taking these from the equal angles ^ 
BCD and GHI, there will remain ACD equal to Fffl. The 
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two triangles A CD and FHIwiH then have an anfle in each 
equal, and the sides about the equal angles proportional: heneai 
they will be similar. 

In the same manned it may be shown that the triangles 
AED and FKI are similar: and, hence, whatever be the 
immber of sides of the polygons, they may be divided into an 
equal number of similar triangles. 

THEOREM XZI. 

Similar poljfgans are to each other as the squares described on 

their homologous sides. 

Let ABCDE and FGNIK^ be two similar polygons ; then 
will they be to each other 
ss the squares described 
on ABy FG, or any other 
two homologous sides. 

For, let the polygons be 
divided, as in the last the- 
orem, into an equal num- 
ber of similar triangles. Then, by Theorem XIX^ we have 

the triangles 

aS^ : FG^ 




ABC : FGN 
ADC : FIN 
ADE : FIK 



D& : IN^ 
D^ I W 



But since the polygons are similar, the ratio of the last ante* 
cedent to its consequent, in each of the proportions, is the 
same : hence, we have (6k. III. Th. xii). 

ABC^^ADC-\'ADE : FGN+FIN+FIK : : aS^ : FG\ 

that is, ABCDE : FGNIK : : AJE^ : FG^; 

Hence, the areas of similar polygons are to each other as 
the squares described on their homologous sides 
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THEOREM XXII. 

If similar polygons are inscribed in circles, their homologous 
sides, and also their perimeters, will have the same ratio to each 
other as the diameters of the circles in which they are inscribed 

Let ABCDE, FGNIK, 
be two similar figures, in- 
scribe r1 in the circles whose 
diameters are AL and FM: 
then will each side, AB, 
EC, &c., of the one, be to 
the homologous side FG, ON; &c., of the other, as the 
diameter AL to tho diameter FAT. Also, the perimeter 
AB+BC+CD &c., will bo to the perimoter TG+GAT-hW 
&c., as the diameter AL to the dianeter FM 

For, draw the two corresponding diagonals A C, FN, as also 
the lines BL and GM, 

Then, the two triangles A CB and FNG will be similar 
(Th. xx) ; and therefore, the angle A CB is equal to the angle 
FNG. But, the angle ACB is equal to the angle ALB, and 
tho angle FNG to the angle FMG (Bk. II. Th. i^: hence, 
the angle ALB is equal to the angle FMG (Ax. 1) ; and since 
ABL and FGM are right angles (Bk. II. Th. x), the two tri- 
angles ALB and FMG will be equiangular (Bk. I, Th. xvii 
Cor. 1), and consequently similar (Th. xv). 

Therefore, 

AB : FG :: AL : FM. 

Again, since any two homologous sides are to each other in 
the same ratio as ^L to FM, we have (Rk. III. Th xii), 

AB+BC+CD &c. : FG-^GN-^-Nl &c. : : AL : FM. 
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THEOREM XXIII. 

ShnUar polygons inscribed in circles are to each other as the 
squares of the diameters of the circles. 

Let ABODE, FGNIK, 
be t^o polygons inscribed 
ID tlie circles whose diam- 
eters are AL and FM: 
then will the polygon 
ABODE, be to the poly- 
gon FGNIK as the square of AL io the square of FM. 

For, the polygons being similar, are to each other as tb^r 
squares of their iike sides (Th. xxi) ; that is, as AB to FG 

But, by the last theorem. 




AB : FG 
therefore (Bk 111. Th. xiii). 



i3 



FG 



-a 



AL 



AL' 



FM; 



FM' 



FGNIK 



AL 



FM\ 



AB 
consequently, 

ABODE 

Sch, If any regular polygon, 
A3DEFG,he inscribed in a circle, 
and then the arcs AB, BE, &c., be 
bisected, and lines be drawn through 
these points of bisection, a new poly- 
gon will be formed having double the 
number of sides. It is plain that this ^ " J^ 

now polygon will differ less from the circle than the first 
polygon, and its sides will lie nearer the circumference than 
the sides of the first polygon. 

If now, we suppose the number of sides to be continually 
increased, the length of each side will constantly diminish 
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until finally the polygon will become 
equal to the circle, and the perimeter 
will coincide with the circumference. 
When this takes place, the line CH 
drawn perpendicular to one of the 
sides, will become equal to the radius 
of the circle. 






THEOREM XXIV. 

The cifcianferenees of drdes are to each other as their diasneten 

Let there be two circles 
whose diameters are AL 
and FM: then will their 
circumferences be to each 
other as AL to FM. 

For, suppose two similar polygons to be inscribed in die 
circles : their perimeters will be to each other as AL to FM 
(Th. xxii). 

Let us now suppose the arcs which subtend the sides of the 
polygons to be bisected, and new polygons of double the num« 
ber of sides to be formed: their perimeters will still be to 
each other as AL to F3f, and if the number of sides be in* 
creased until the perimeters coincide with the circumferencei 
we shall have the circumferences to each other as the diam* 
eters AL and FM, 



THEOREM XXV. 



The areas of drdes are to each other as the sqtiores of thisvt 

Hamsters* 
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Let there be two circles 
wrbose diameters are AL 
and FM: then will their 
ureas be to each - other as 
the square of AL to the 
square of FM. 

For, suppose two similar polygons to be inscribed in the 

circles : then will they be to each other as AI^ to FH/l 
(Th xxiii). 

Let us now suppose the number of sides of the polygons to 
be increased, by bisecting the arcs, until their perimeters 
shall coincide with the circumferences of the circles. The 
polygons will then become equal to the circles, and hence, the 
areas of the circles will be to each other as the squares of their 
diameters. 

Car. Since the circumferences of circles are to each other 
as their diameters (Th. xxiv), it follows, that the areas which 
are proportional to die squares of the diameters, will also be 
proportional to the squares of the circumferences 

THEOREM XXVI. 

The area of a regulwr polygon inscribed in a circle, is equal to 
hcdf the product of the perimeter and the perpendicular let faXl 
from the centre on one of the sides.' 

Let C be the centre of a circle cir- 
cnmscribing the regular polygon, and 
C D a perpendicular to one of its sides : 
tlien will its area be equal to half the 
product of CD by the perimeter. 

For, from C draw radii to the ver- 
iiren of the angles, forming as many 
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equal triangles as the polygon has 
sides, in each of which the perpen- 
dicular on the base will be equal to 
CD. Now, the area of one of them, 
as ACBf will be equal to half the pro« 
duct of CD by the base AB ; and the 
same will be true for each of the other 
triangles : hence, the area of the poly- 
gon will be equal to half the product of CD by the perimeter 




THEOREM XXVII. 

The area of a circle is equal to half the product of the radius bp 

the circumference. 

Let C be the centre of a circle : 
then will its area be equal to half the 
product of the radius -AC by the cir- 
cumference ABE, 

For, inscribe within the circle a 
regular hexagon, and draw CD perpen- 
dicular to one of its sides. Then, 
the area of the polygon will be equal to half the product of 
CD multiplied by the perimeter (Th. xxvi). 

Let us now suppose the number of sides of the polygon to 
be increased, until the perimeter shall coincide with the cir- 
cumference ; the polygon will then become equal to the circle, 
and the perpendicular CD to the radius CA. Hence, the area 
of the circle will be equal to half the product of the radius by 
ilic circumference. 
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PROBLEM I. 

'Fo divide a line into any proposed number of equal parts 

« 

Let AB be the line, and let it be 
required to divide it into four equal JP^ 

parts. n ^ \ \ 

Draw any other line, AC^ forming jf ' ^^ — ^ 

an angle with AB, and take any dis- 
' tance, as AD, and layit oil* four times on A C. Join C and B, 
and through the points D, jE^, and F, draw parallels to CB 
These parallels to jBC will divide the line AB into parts pro 
portional to the divisions on AC (Th. xiii) : that is, into equal 
parts. 

PROBLEM II. 

To find a third proportional to two given lines. 
Let A and B be the given lines. 




A 
Make AB equal to A, and draw ^ 

AC J making an angle with it. On 

A C lay off -4 C equal to B, and join 

BC . then lay off AD, also equal to . ^ ^i 

B, and through D draw DE parallel to BC : then will A E 

be the third propoitional sought 

For, since DE is parallel to 5 C, we have (Th. xiii) 

AB : AC :: AD or AC : AE^ 

tberefore, AE is the third proportional sought^ 

10 



110 OEOMETRT 



Problems. 




PROBLEM III. 
To find a fourth proportional to the Unes A, B, and C 

Place two of the lines fonning an 
angle with each other at A ; that is, 
make AB equal to A, and i4C equal 
B; also, lay off AD equal to C. 
Tlien join BC^ and through D draw 
DE parallel to £C, and AE will be the fourth proportional 
sought. 

For, since DE is parallel to BC, we have 

AB : AC :: AD : AE; 
therefore, AE is the fourth proportional sought. 

PROBLEM IT. 

To find a mean proportional between two given Unes^ A and A 

Make AB equal to A, and 
BC equal to B: on AC de- 
scribe a semicircle. Through 
B draw BE perpendicular to 
A C, and it will be the mean proportional sought (Th. xviii. Cor). 

PROBLEM y« 

Tif make a square which shall be equivalent to the sum of tun 

given squares. 

Let A and B be the sides of the ^. __ 

^ven squares. ^^^ \ I h\ 

Draw an indefinite line AB, and \ \c! , ■■ .. 

make AB equal to A. At B draw y^ L 

BC perpendicular to AB^ and make 

BC equals B: then draw AC and the square described on 
A C will be equivalent to the squares on A and B ^Th* xii).. 
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PROBLBM YI. 

To make a square tbkieh shaU be equivaieni to the Hffereneo lo 

ttoeen two given squares. 

Jjet il and B be the sides of 
the given squares. 

Draw an indefinite line, and / /l\ i i 

n&ake CB equal to A, and CD ^ TTd^ 




n 



equal to B. At 2> draw DE 
perpendicular to CJ3, and with C as a centre, and CB as a 
radius, describe a semicircle meeting DE in E^ and join C£.* 
then will the square described on ED be equal to the differ- 
ence between the given squares. 

For, CE is equal to CB^ that is, equal to A^ and CD » 
equal to jB .* and by (Th. zii. Cor.), 

Effz^Cl^^-'CI^. 

PROBLEM Til. 

To make a triangle which shall he equivalent to a given qua^ 

rHateraL 

hexABCD be the given quadri- 
lateral. 

Draw the diagonal i4C,and through 
D draw DE parallel to AC^ meeting 
BA produced at E. Join EC : then will the triangle CEB 
be equivalent to the quadrilateral BD. 

For, the two triangles ACE and ADC, having the same base 
ACf and the vertices of the angles D and JS in the same lice 
DE parallel to AC, are equivalent (Th. ii). If to each, we 
add A CB, we shall then have the triangle SCB equivalent to 
the quadriUteral BD (Ax. 2); 
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PROBLKM VIII. 

To make a triangle tohkh shaU be equivalent to a given polygon 

Let ABODE be the polygon. 

Draw the diagonals AD^ BD. 
Produce AB in both directions, 
and through C and E draw CG 
and EF, respectively parallel to 
AD and BD: then join FD and 
DG, and the triangle FDG will be equivalent to the polygon 
ABODE. 

For, the triangle AED is equivalent to the triangle AFJ), 
and DBO to DBG (Th. ii) ; and by adding ADB to iht 
equals, we shall have the triangle FDG equivalent to ih* 
polygon A-SCD^. . 




PROBLEM IX. 

To make a rectangle that shall be equivalent to a given triangh 

Let ^i5C be the given triangle. 

Bisect the 'base AB at D, and draw 
DH perpendicular to AB. Through C, 
the vertex of the triangle, draw OHG 
parallel to AB, and draw BG perpen- 
dicular to it: then will the rectangle 
DG be equivalent to the triangle ABC. 

For, the triangle would be half a rectangle hating the same 
base and altitude : bence, it is equivalent to DG, whose base 
is th« half of ^B, and altitude equal to that of the tnangle. 
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PROBLEM X. 
To inscribe a circle in a regular polygon. 

Bisect any two sides of the polygon 
by the perpendiculars GO, FO, and 
with their point of intersection O, as a ^f 
centre, and OG as a radius describe 
the circumference of a circle — this 
circle will touch all the sides of the 
polygon. 

For, draw OA. Then in the two right angled triangles OA G 
and OAF, the side AO is common, and ^G is equal to AF, 
since each is half of one of the equal sides of the polygon : 
hence, OG is equal to OF(Bk. LTh. xix). In the same man- 
ner it may be shown that OH, OK and OL are all equal to 
each other : hence, a circle described with the centre O and 
radius OF will be inscribed in the polygon. 

Cor. Hence, also the lines OA, ON Sic, drawn to tbe 
an}>les of the polygon are equal. 



APPENDIX 
OF TUB REGULAR POLTGONS. 

1, In a regular polygoa the angles are all equal to each 
cither (Def. 3). If then, the sum of the inward angles of a 
regular polygon be divided by the number of angles, the quo- 
tient will be the value of one of the angles. 

But the sum of the inw^ard angles is equal to twice as many 

right angles, wanting four, as the polygon has sides, and we 

shall find the value in degrees by simply placing 90*^ for th« 

right angle. 

10* 
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2. Thus, for the sum of all the angles of an equilateral 
triangle, we have 

6 X 90**— 4 X 90**=540*-360'=18a' 
and foi each angle 

180'-i-3=60*: ^ 

Hence, each angle of an equilateral triangle, is equal to 6{/ 
iegrees. 

3. For the sum of all the angles of a square, we have 

8 X 90*-4 X 90**=720*— 360**=:360*, 
and for each of the angles 

360**~4=90' 

4. For the sum of all the angles of a regular pentagon, we 
have 

10 X 90«— 4 X 90*'=900* -360*=540*, 
and for each angle 

540*-f-5=108». 

5. For the sum of all the angles of a regular hexagon, we 
have 

12 X 90^—4 X 90*= 1080*— 360*=720% 
and of each angle 

720*-i.6=120'. 

6. For the sum of the angles of a regular heptagon, we 
have 

14x90*-4x90*=12e0'-360*r=900*: 
and for one of the angles 

900*»-r-7=r28* 34'+. 

7. For the sum of the angles of a regular octagon, we have 

16 X 90'— 4 x90*=1440*-360*'=:1080* : 
aftd for each angle ^ 

1080^ -r8= 135* 



BOOK IV. 



Lift 



Regular Polygoni, 



8. Since the sum of the angles about any point is eqaal to 
IcMir right angles (Bk. I. TL ii. Cor. 3), it may be observed that 
there are only three kinds of regular polygons, which can be 
arranged around any point, as C, so as exactly to fill iqp the 
space. These are, 



First. — Six equilateral triangles, in 
which each angle about C is equal to 
€(^, and their sum to 

60^X6=360. 




Second." Four squares, in which 
each angle is equal to 90^, and their 
■urn to 

90' X 4=360* 
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Third, — ^Three hexagons, in 
which each angle is equal to 
120, and the sum of the three 
to 

120*x3=360*. 
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BOOK V. 

OF PLANES AND THEIR ANGLES. 

DBFINITI0N8. 

1.* A Straight line is perpendicular to a plane , when it is per- 
pendicular to every straight line of the plane which it meets. 
The point at which the perpendicular meets tho plane, is 
called the foot of the perpendicular. 

2. If a straight line is perpendicular to a plane, the plane 
is also said to be perpendicular to the lino. 

3. A line is parallel to a plane when it will not meet that 
plane, to whatever distance both may be produced. Con- 
versely, the plane is then parallel to the line. 

4. Two planes are parallel to each other, when they will 
not meet, to whatever distance both are produced. 

d. If two planes are not parallel, they intersect each other 
in a line that is common to both planes : such line is called 
their common intersection, 

6. The space included between two planes is called a 
diedral angle : the planes are the faces of the angle, and 
their intersection the edge, A diedral angle is measured by 
two lines, one in each plane, and both perpendicular to the 
common intersection at the same point. 

This angle may be acute, obtuse, or a right angle. "VVhctt 
it is a right angle, the planes are said to be perpendicular to 
each other. 
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Let AB be a plane coinciding with 
tlie plane of the paper, and ECF a r 
plane intersecting it in the line FH. J 
Now, if from any point of the common 
intersection as C, we draw CD in the J^ 
plane AB, and CE in the plane ECF, 
and both perpendicular to CF 2t C, 
then will the angle DCE measure the inclination between 
the two planes. 

It should be remembered that the line EC is directly ovoi 
the line CD. 

1, A polyedral angle is the angular 
space included between several planes 
meeting at the same point. 

Thus, the polyedral angle S is formed 
by the meeting of the planes ASB, 
BSa, CSD, DSA. 

8. The angle formed by three planes 
b called a triedral angle, 

THEOREM I. 

Two straight lines which intersect each other, lie m the sams 

plane, and determine its position. 

Let AB and A C be two straight lines 
which intersect each other at A. 

Through AB conceive a plane to be 
passed, and let this plane be turned 
around AB until it embraces the point 
C ; the plane will then contain the two 
lines AB, AC, and if it be turned either way it will depart 
from the point C, and consequently from the line A C Hence, 
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tbe position of the plane is determined 
by the single condition of containing 
the two straight lines AB^ AC, 

Car. 1. A trian^e ABC^ or three 
points A^ Bf Cy not in a straight line, 
determine the position of a plane. 

Cor. 2. Hence, also, two parallels 
ABf CD determine the position of a 
plane. For drawing EF^ we see that 
the plane of the two straight lines AE^ 
EF is that of the parallels AB, CD. 





* THEOREM U. 

A perpendkular ts the shortest line which can he drawn from a 

paint to a plane. 

Ijei ii he a point above the plane 
DEf and AB a line drawn perpen- 
dicular to the plane : then will AB he 
shorter than any oblique line AC 

For, through B^ the foot of the per- 
pendicular, draw BC to the point 
where the oblique line A C meets the 
plajae. 

Now, since AB is perpendicular to 
the plane, the angle ABC will be a 
right angle (Def. 1.), and consequently l^ss than the angle C: 
therefore, AB, opposite the angle C, will be less than AC, 
opposite the angle B (Bk. I. Th. zi). 




Iqss 
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Car. It is evident that if several lines be drawn from the 
point A to the plane, that those which are nearest the perpen- 
dicular ABy will be less than those more remote. 

^S^. The distance from a point to a plane is measured on 
the perpendicular : hence, when the distance only is named, 
the shortest distance is always understood. 



THEOREM III. 

The common intersection of two planes ts a straight itne. 

Let the two planes AB, CD, cut 
each other. Join any twD points E 
and F, in the common intersection, 
by the straight line EF. This line 
will lie wholly in the plane AB, and 
also wholly in the plane CD (Bk. I. 
Def. 7) ; therefore, it will be in both 
planes at once, and consequently, is 
their common intersection. 




THEOREM IV. 

A straight line which is perpendicular to two straight lines at 
their point of intersection, will be perpendicular to the plane of 
those lines. 

Let the line PA be perpen- 
dicular to the two lines AD, 
AB : then will it be perpendic- 
ular to the plane BC which con- 
tains them. 

For, if AP is not perpendicular 
to the plane BC, suppose a plane 
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to be drawn through A, that shall 
be perpendicular to AP, 

Now, e irery line drawn through 
At and perpendicular to AP, 
will be a' line of this last plane 
(Def. 1): hence, this last plane 
will contain the lines AB, AD, 
and consequently, a line which is perpendicular to two linos 
at the point of intersection, will be perpendicular to the jdane 
of those lines. 



.f> 

D n 


> 



THEOREM ▼. 

[f two straight lines are perpendicular to the same plane they 

will he parallel to each other. 

Let the two lines AB, CD, be 
perpendicular to the plane EF : 
then will they be parallel to each 
other. 

For, join B and i), the points 
in which the lines meet the 
plane EF, 

j^ Then, because the lines AB^ CD^ are perpendicular to the 
plane EF, they will be perpendicular to the line BD (Def. 1), 
Now, if BA and DC are not parallel, they will meet at some 
point as : then, the triangle OBD would have two right 
angles, which is impossible (Bk. I. Th. xvii. Cor. 4). 

Cor. If two lines are parallel, and one of them is perpen- 
dicular to a plane, the other will also be perpendicular to tlie 
same plane. 
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THEOREM VI. 

If two planes intersect each other at right angles^ and a line 
he dravm in one plane perpendicular to the common intersection ^ 
this line will be perpendicular to the other plane. 

Let the plane FE be perpen* 
dicular to MN, and AP be drawn 
in the plane FE, and perpen- 
dicnlai to the common intersec- 
tion 1>£: then will AP be per- 
pendicular to the plane MN. 

For, in the plane MN draw 
CP perpendicular to the common 
intersection JJE. • Then, because the planes MN and FE are 
perpendicular to each other, the angle APC, which measures 
their inclination, will be a right angle (Def. 6). Therefore, 
the line AP is perpendicular to the two straight lines PC and 
PD ; hence, it is perpendicular to their plane MN (Th. iv). 

THEOREM VII. 

// 9ne plane intersect another plane, the sum of the angles on 
the same side will be equal to two right angles. 

Let the plane GEF intersect 
the plane AB in the line FE : 
then will the sum of the two 
angles on the same side be equal 
to two right angles. 

For, from any point, as E, in 

iho common intersection, draw 

dio lines EG and DEC, one in each plane, and both perjjen- 

dicubr to the common intersection at E. Then, the line GE 

makes, with the line DEC, two angles, which together ^r^ 

U 
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equal to two right angles (Bk I. 
Th. ii): but these angles measure 
the inclination of the planes ; there> 
fore, the sum of the angles on the 
same side, which two planes make 
with each other, is equal to two 
right angles. 

Car, In like manner it may be demimstrated, that planai 
which intersect each other have their vertical or opposite 
angles equal. 

THEOREM VIII. 

Two planes which are perpendicular to the same straight line ar$ 

parallel to each other. 

Let the planes MN and PQ ^ 
be perpendicular to the line A^: q 
then will they be parallel. 

For, if they can meet any 
where, let O be one of their 
their common points, and draw 
05, in the plane PQ, and OA, 
in the plane MN. ^ 

Now, since AB is perpendicular to both planes, it will 
be perpendicular to OB and OA (Def. 1): hence, the triangle 
OAB will have two right angles, which is impossible (Bk. I. 
Th. xvii. Cor. 4) ; therefore, the planes can have no point, as 
Oy in common, and consequently, they are parallel (Def. 4). 



\ 
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THEOREM IX. 



If a plane cuts two parallel planes, the lines of intersection wiU 

he paraUeh 
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the parallel planes MN and 
be intersected by the plane 
JEIl •* then will the lines of inter- 
Eeciion EF^ GH, be parallel. 

For, if the lines EF^ GH^ were 
not parallel, they would meet each 
other if sufficiently produced, since 
they lie in the same plane. If this 
irero so, the planes MN^ PA , would 
meet each other, and, consequently, could not be par&Uel ; 
mrbich would be contrary to the supposition. 




THEOREM X. 

If two lines are pardllel to a third line^ though not m the sanu 
plane with it, they will be parallel to carh other. 

Let the lines AB and CD be each 
parallel to the third line EF, though 
moi in the same plane with it : then 
will theybe parallel to each other. 

For, since EF and CD are parallel, 
they will lie in the same piano FC 
(Th. i. Cor. 2), and AB, EF will also 
lie in the plane EB. 

At any point, G, in the line EF, let GI and GH be drawn 
in the planes FC, BE, and each perpendicular to FE at O. 

Then, since the line EF is perpendicular to the lines GH 
GIf it will be perpendicular to the plane HGI (Th. iv). And 
since FE is perpendicular to the plane HGI, its parallels 
AB and DC will also be perpendicular to the same plane 
(Th. v). Hence, since the two lines AB, CD, are both per- 
pendicular to the plane HGI, they will be parallel to each other 
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THEOREM XI. 

If two angles^ not situated in the same plane^ have their sides 
parallel and lying in the same direction^ the angles tnU be 
equal. 

Lot the angles ACE and BDF 
liave the sides AC parallel to BD^ 
and CE to DF: then will the angle 
ACE be equal to the angle BDF. 

For, make AC equal to BD, and 
CE equal to DF, and join AB, CD, 
md EF; also, draw AE, BF. 

Now since iiC is equal and par- 
allel to BD, the figure AD will be a 
parallelogram (Bk. I. Th. xxv); there- 
fore, AB is equal and parallel to CD. 

Again, since CE is equal and parallel to DF, CF will be 
a parallelogram, and EF will be equal and parallel to CD. 
Then, since AB and EF are both parallel to CD, they will 
be parallel to each other (Th. x) ; and since they are (each 
equal to CD, they will be equal to each other. Hence, the 
figure BAEF is a parallelogram (Bk. I. Th. xxv), and conse* 
quently, AE is equal to BF. Hence, the two triangles ACE 
and BDF have the three sides of the one equal to the three 
sides of the other, each to each, and therefore the angle ACE 
is equal to the angle BDF (Bk. 1. Th. viii). 




THEOBEM XII. 

If two planes are parallel, a straight line which is perpendicular 
io the one wM also he perpendicular to the other. 
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LfCt MN and PQ be two par- 
allel planes, and let AB be per- 
pendicular to MN : then will it 
be perpendicular to PQ. 

For, draw any line, BC, in the 

plane PQy and through the lines 

AB, BCf suppose the plane 

ABC to be drawn, intersecting 

the plane MN in the line AD : then, the intersection AD will 

be paraUel to BC (Th. ix). Bat since AB is perpendicular 

to the plane NM^ it will be perpendicular to the straight line 

AD^ and consequent] j, to its parallel BC (Bk. I. Th. xii. Cor.) 

In like manner, AB might be proved perpendicular to any 

other line of the plane PQ, which should pass through B; 

bence, it is perpendicular to the plane (Def. 1). 

Cor. If from any point as iJ, 
any oblique lines, as HEF, HDC^ 
be drawn, the parallel planes will 
cut these lines proportionally. 

For, draw HAB perpendicular 
to the plane MN : then, by the 
theorem, it will also be perpendi- 
cular ioPQ. Then draw AD, AE, 
BC, BF. Now, since AE, BF, 
are the intersections of the plane 
FHB, with the two parallel planes MN, PQ, they are paral- 
lel (Th. ix.) ; and so also are AD, BC. 

Then, HA : HB : HE ; HF, 
. and HA \ HB : HD : HC, 

hence, HE : HF : : HD : HC. 
II* 
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DBFINITIONS. 



J . Every solid bounded by planes is called a pitlyedrvn, 

2. The planes which bound a polyedron are called facB9i 
The straight lines in which the faces intersect each other, 
are called the edges of the polyedron, and the points at which 
the edges intersect, are called the vertices of the angles, or 
vertices of the polyedron. 

3. Two polyedrons are similar, when they are contained by 
the same number of similar planes, and have their polyedral 
angles equal, each to each. 

4 . A prism is a solid, whose ends 
are equal polygons, and whose side 
faces are parallelograms. 

Thus, the prism whose lower base 
is the pentagon ABCDEy terminates 
in an equal and parallel pentagon 
FGHIK, which is called the upper 
base. The side faces of the prism 
are the parallelograms DH, DK, EF, 
A Cr, and BH. I'hese are called the convex^ or lateral surflu^e 
of tlie prism ^ 
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5. THe altitude of a prism is the distance between its upper 
and lower bases : tkat is, it is a line drawn from a point of the 
«ppcr base, perpendicular, to die lower base 



6y A right prism is one in which 
4he edges AF, BG, EK, HC, and 
DI^ are perpendicular to the bases. 
In the right prism, either of the per- 
pendicular edges is equal to the 
altitude. In the oblique prism the 
altitude is less than the edge. 




7. A prism whose base is a teiangle, is called a triangulat 
prism ; if the base is a quadrangle, it is called a quadrangular 
prism ; if a pentagon, a pentagonal prism ; if a hexagon a 
hexagonal prism ; &c. 



8. A prism whose base is a parallelo- 
gram, and all of whose faces are also 
parallelograms, is called a parallelopipe* 
don. If all the faces are rectangles, it is 
called a rectangular parallelopipedon. 




9. If the faces of the rectangular par- 
allelopipedon are squares, the solid is 
called a cube: hence, the cube is a prism 
bounded by six equal squares 



^ 
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10. A pyramid is a solid, formed by 
several ti^angles united at the same 
point S, and terminating in the differ- 
ent sides of a polygon ABODE. 

The polygon ABODE, is called the 
base of the pyramid ; the point S, is 
called the vertex, and the triangles 
ASB. nSO, OSD, DSE, and ESA, 
form its lateral, or convex surface. 




11. A p3nraniid whose base is a triangle, is cafled a tt-uzn- 
gular pyramid ; if the base is a quadrangle, it is called a 
quadrangular pyramid ; if a pentagon, it is called a petagonal 
pyramid; if the base is a hexagon, it is called a hexagonal 
pyramid; &c. 



12. The altitude oi a pyramid, is the 
perpendicular let fall from the vertex, 
upon the plane of the base. Thus, 
SO is- the altitude of the pyramid 
S-^ ABODE. 




13. When the base of a pyramid is a regular polygtjn, ajid 
the perpendicular SO passes through the middle point of the 
base, the pyramid is called a right pyramid, and the Hne 
SO is called the axis. 
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14. The shnt height of a right 
pyramid, is a line drawn from the ver- 
tex, perpendicular to one of the sides 
of the polygon which forms its base. 
Thus. SF is the slant heigiit of the 
pTTainid S~ABCDE. 



15. If from the pyramid S~ASCDE 
the pyramid S — abcde be cut off by a 
plane parallel to the base, the remain- 
ing solid, below the plane, is called 
the fntaUan of a pyramid. 

The altitude of a frustum is the per- 
pendicular distance between the tipper 
and lower planes. 




16. A Ctflinder is a solid, described by 
the revolution of a rectangle, AEFD, 
about a fixed side, EF. 

As the rectangle AEFD, turns around 
the side EF, like a door upon its hinges, 
the lines AE and FD describe circles, 
and the line AD describes the convex sur- 
face of the cylinder. 

The circle described by the line AE, is called the lovxt 
bate of the cylinder, and the circk described by DF, is railed 
Ha vjqjer boMi 

/ 
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The immovable line EF is called the axis of the cylinder. 
A cylinder, therefore, is a round body with circular onds. 



17. If a plane be passed through the 
axis of a cylinder, it will intersect the cylin- 
der in a rectangle, PO^ which is double 
the revolving rectangle DE. 



D 





18. If a cylinder be cut by a plane par- 
allel to the base, the section will be a cir- 
cle equal to the base. For, while the 
side FCf of the rectangle MC^ describes 
the lower base, the equal side MP, will 
describe the circle MLKN^ equal to the 
lower base. 




19. If a polygon be inscribed in the 
lower base of a cylinder, and a corres- 
ponding polygon be insciibed in the upper 
base, and their vertices be joined by 
straight lines, the prism thus formed is 
said to bt) inscribed in the cylinder. 
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20. A emu is a solid, described by 
the resolution of a light aogted Qriangle, 
ABC, about one of its sides, CB. 

The circle described by the revolTing 
aide, AB, is called the base of the cone. 

The hypothenuse, AC, is called the 
tlant height of the cone, and the surface 
described by it, is called the convex 
tmface of the cone. 

The side of the triangle, CB, which remains fixed, is called 
tlie axis, or altilude of the cone, and the point C, the vertex 
of the cone. 

21. If B cone be cut by a plane par- 
allel to the base, the section will be a 
circle. For, while in the revolution of 
the right angled triangle SAC, the line 
CA describes the base of the cone, its 
parallel FG will describe a circle 
FKHI, parallel to the base. If from 
the cone S— CDS, the cone S—FKH 
be taXen away, the remaining part is 
called the Jruslum of the cone. 

22. If a polygon be inscribed 
in the base of a cone, and straight 
lines be drawn from its vertices 
to the vertex of the cone, the pyra- 
mid ihns formed is said to be in- 
scribed in the cone. Thus, the 
pyramid S — ABCD is inscribed in 
the cone. 
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23. Two cylinders are similar, when the diameters of theii 
bases are proportioaal to their alutudes. 

24. Ttro cones are also similar, when the diameters ofthoii 
bases are pioportioaal.to their altitudes. 

25. A sphere is a solid terminated by a curved surface, al] 
the paints of which are equally distant from a certain point 
within called the centre. 

36. The sphere may be described 
by revolving a semicircle, ABD, 
about the diameter AD. The plane 
will describe the solid sphere, and 
the semicircumference ABD will 
describe the surface. 



27. The radius of a sphere is a 
line drawn from the centre to any 
point of the circumference. Thus, 
CA is a radius. 



20. The diameter of a sphere ia 
a line passing through the centre, 
and terminated by the circumfer- 
ence. Thus, AD is a diameter. 
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29. All diameiOTs of a gpheie are equal to each other ; aad 
tmeb is double a radius. 

30. The axis of a sphere is any line about which it re- 
rolves ; and the points at which the axis meets the surface, 
toe called the poles. 



31. A plane is tangent to a sphere 
when it has but one point in com< 
mon with it. Thus, AB is a tan- 
gent plane, touching the sphere at B. 



33. A zone ia a pordon of the sur- 
face of a sphere, included between 
two parallel planes which form its 
bases. Thus, the part of the surface 
included between the planes AE 
and DF is a zone. The bases of 
this zone are the two circles whose 
diameters are AE and DF. 

33. One of the |danes which 
bound a zone may becorae tangent 
lo the sphere ; in which case the 
tone will have but one base. Thus, 
if one plane be tangent to the sphere 
at A, and another plane cut it in the 
cdicle DF, the zone included be- 
tween them, will have but one bsM. 
13 
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34. A spherical segment is a portion of the solid sphere in- 
cluded between two parallel planes. These parallel planes 
arc its bases. If one of the planes is tangent to the spheie, 
the segment will have but one baso. 

35. The altitude of a zone or segment, is the distance be* 
tween the parallel planes which form its bases. 



THEOREM I. 

The convex surface of a right prism is equal to the perJMUtgr ef 

its hose multiplied by its altitude. 

Let ABCDE^K be a right 
prism: then will its convex surface 
be equal to 
{AB^-BC+CD+DE+EASxAF, 

For, the con^'ex surface is equal 
to the sum of die rectangles AG^ 
BH, CI, DKy and EF, which com- 
pose it ; and the area of each rectan- 
gle is equal to the product of its base 
bj its altitude. But the altitude of each rectangle is equal (o 
the altitude of the prism : hence, their areas, that is, the con- 
vox surisioe «f the prism, is equal to 

(AB-hBC+ CD+DE+EA) x AF; 

fliat is, equal to tke perimeter of the base •ef the prism multi- 
plied by its altitude. 




THEOUEM II. 

The eonoex sufface of a eyUnder is equal to the dreumfercTice of 

its base multiplied by its altitude 



or th« Priim. 

lie'. DB bo a cylinder, and AB th« 
diameter of its base : the convex eiir- 
face will then be equal to the altitude 
'A/> multiplied by the circumference 
of the base. 

For, Buppoae & regular prism to be 
tuicribed within the cylinder. Then, 
the convex surface of the prism will b« 
equal to the perimeter of the base mul- 
tiplied by the altitude (Th. i). But the altitude of the prism 
U the same as that of the cylinder ; and if we suppose tho 
sides of the polygon, which forma the base of the piism, to 
be indefinitely increased, the polygon will become the circle 
(Bk.IV.Th. xniii. Sch,), in which case, ila perimeter will become 
the circumference, nod the prism will coincide with the cylinder. 
But its ooDveit surface is still eqaal to the perimeter of its bas« 
multiplied by its altitude : hence, the convex surface of a cylin- 
der is equal to the circamference of its base multiplied by its al- 
titode. 

THEOIIEU III. 

Vn ecery prism the stctions formed by flmes foraUel to the bait 
are eqnal polygons. 

Let .4G be any prism, and IL a sec- 
tion made by a plane parallel to the 
base A C .- then will the polygon IL 
be equal to AC. 

For, the two planes A C, IL, being 
parallel, tlie lines AB, IK, in which 
ihey intersect the plane JF, will also 
be parallel {Bk. V. Th. ix). For a 
like reason, BC and KL will be pac^ 
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allel; also, CD mil be parallel tu LM, 
and AD to IM. 

But, since Al and BK are parallel, 
the figure A£ is a parallelogram: 
hence J£ is equal to IK (Bk. I. 
Th. xxiii). In the same way it may be 
shown that BC is equal to KL, CD to 
LM, and AD to IM. 

But, since the sides of the polygon 
AC are respectively parallel to the 
sides of th^ polygon IL, it follows that their corresponding 
angles are equal (Bk. V. Th. xi], viz., the angle A ti) the angle 
/, the angle B to K, the angle C to L, and the angle 3f to ZJ ; 
hence, the polygon IL is equal to AC. 

Seh. It was shown in Definition IS, that the section o( a 
cylinder, by a plane parallel to the base, is a circle equal to 
the base. 

THEOREH IT. 

If a pyramid be cut hy a plane parallel to the hose, 

I. The edges and allilude will he divided propoTtionaU). 

II. The section will he a polygon similar to the base. 
Let the pyramid S—ABCDE, of 

which SO is the altitude, be cut by the 
piano abcde parallel lo the base : then 
will, 

Sa : SA -.: Sb : SB, 
and the same for the other edges ; and 
the polygon abcdt will be similar to die ^ 

base ABCDE. 

First. Since the planes ^BC and o&e 
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are parallel, thoir intersections, AB^ abjby the plane SAB^ 
will also be parallel (Bk. V. Th. ix) ; hence, the triangles 
SABi sabf are similar, and we have 

SA : Sa :: SB : Sb; 

fbft a similar reason, we hare 

SB : Sh :: SC : Se; 

and the same for the other edges : hence, the edges SA^ SB, 
SCf ^c, are cut proportionally at the points a, b, c, Sdc. 
The altitude SO is likewise cut proportionally at the point 
The altitude SO \s likewise cut in the same proportion at 
the point o; for, since ^0 is parallel to &o, we have 

SO : So :: SB : Sb. 

Secondly. Since ab is parallel to AB, be to BC, cd to CD, 
&c. ; the angle abc is equal to ^ BC, the angle bed to BCD, 
and so on (Bk. V. Th. xi). 

Also, by reason of the similar triangles, SAB, Sab, we have 

AB : ab : SB : Sb, 

and by reason of the similar triangles SBC, Sbc, we have 

SB : Sb : : BC : be; 

hence (Bk III. i:h. v), 

AB : ab : : BC : be; 

and for a similar reason, we also have 

BC : be : : CD : cd, &c. 

Hence, the polygons ABODE, abode, having their angles 
respectively equal, and their homologous sides proportional, 
aro similar. 

12* 
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THEOREU V, 

If txoo ptfTiitnids, having equal altitudes and their bases tn the 
tame plane, be intersected hy planes partAUt to the plane of the 
hoses, the seetutns in each pyramid wSl be proportioTud to the baset 

Let S— ABODE, auA 
S—XYZ, be two pyra- 
mids, having a common 
vertex, and ttieir bases sit- 
ualed in the same plane. 
If these pyramids are cut 
by a plane parallel tu the 
[ilane of their bases, giv- 
ing the sections ahcde, 
tyt, then will the sections 
id>ede, xyt. be to each other as the bases ABODE, XYZ. 

For, the polygons ABODE, abede, being similar, then sur- 
faces nre as the squares of the homologous sides AB, ahi 
but AB : td> :: SA : Sa; 

hence, ABODE : aJcAi : : SA* : S? 
For the same reason, 

XYZ : xyt i: sT : S?. 
But since abc and zjr2 nre in one plane, the lines ■S'^, Sti, SX, 
S'j',areproportionRl to50, So; (Bk.V.Th vii.Oor.), tlierefbre, 
SA : Sa :. SX : Si: 
' hence, ABODE : abede : : XYZ : xft. 
consequently, the sect4onB ahcde, xys, are to each other as the 
ba.'es ABODE, XYZ. 

Cer. if the bases ABODE, XYZ, axe equivalent, any sec- 
<iana abcde, syt, made at equal distanoes from die bases, iriU 
bo aim eiiuiTalent 



The emvex sutface of a righl pyramid is equal to half the prt^ 
daet ef Ihe perimeUr of its ban multiplied &f the ilant height. 

Let S—ASCDE be a rigbt pyra- 
mid, SF its stant height : then will its 
coavex surrace be equal to halT tbe 
product 
SFx(AB+BC+CD+DE+EA). 

For, )ince the pyramid is right, the 
point O, in which the axis meets the 
base, is the centre of the polygon 
ABODE; hence, the lines OA, OB, 
&c. drawn to the vertices of the base, 
are equal (Bk. IV. prob. x.Cor). 

Now, in the right angled triangles SAO, SBO, the bases 
and perpendiculara are equal : hence, the hypothenuses arv 
equal ; and in the same way it may be proved that all the 
edges of the pyramid are equal. The triangles, therefore, 
which form the convex surface of the prism, are all equal to 
each other. 

But the area of either of these triangles, as SAB, is equal 
to half the product of the base AB, by the slant height uf the 
pyramid SF: henre, the area of all the triangles, which form 
iho convex surface of the pyramid, is equal to half tho product 
of (be perimeter of the base by the slant height. 

THEOREM VII. 
The convex surface of the frustum of a regular pyramid i* 
equal to half the sam of the perimeters of the upper and loieer 
bate* multiplied by the slant height. 
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Let a — ABCDE be the frustum of a 
regular pyramid : then will its convex 
surface be equal to half the product of 
the perimeter of its two bases multi- 
plied by the slant height Ff. 

For, since the upper base abcde^ is 
similar io the lower base ABCDE 
(Th. iv), and since ABCDE is a regular polygon, it follows 
that the sides ab, be, cd, de, and ea, are*all equal to each other. 

Hence, the trapezoids EAae, ABba, &c., which form the 
convex surface of the fnistum are equal. But the perpen- 
dicular distance between the parallel sides of these trapezoids 
is equal to Ef, the slant height of the frustum. 

Now, the area of either of the trapezoids, as AEea^ is equal 
to half the product of Ffx(EA+ea) (Bk. IV. Th. x): hence, 
the area of all of them, that is, the convex surface of the 
frustum, is equal to half the sum of the perimeters of the 
upper and lower bases, multiplied by the slant height. 



THEOREM VIII. 

TJie convex surface of a cone is equal to half the product of thB 
circumference of the base multiplied by the slant height. 

In the circle which forms the base 
of the cone, inscribe a regidar poly- 
gon, and join the vertices with the 
vertex /S, of the cone We shall 
then have ft right pyramid in- 
scribed in the cone. 

The convex surface of this pyra- 
mid will be equal to half the product 
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of the perimeter of the base by the 
slant height (Th. vi). 

Let us now suppose the number 
of sides of the polygon to be indefi- 
nitely increased : the polygon will 
llten coincide with the baee of the 
cone, the pyramid will become the 
cone, and the line Sf which meas- 
ures the slant height of the pyramid, 
will then measure the slant height 
of the cone. 

Hence, the convex surface of the cone b equal to half ths 
product of the slant height by the circumference of the base. 



The convex mrface of the frustum of a cone is equal lo halj 
the sum of the circumferenees of iCs two bases multiplied by lit 
tUmt height. 

For, if we suppose the frustum of 
« right pyramid to be inscribed in 
the frustum of a cone, its convex 
surface will be equal to half the pro- 
duct of its slant height by the perim- 
eters of its two bases. But if we 
increase the number of sides of the * 

polygon indefinitely, the frustum of the pyramid will become 
iho fmstmn of the cone : hence, the area of the frustum of the 
cone is equal to half the sum of the circumferences of its two 
bases multiplied by the slant height. 
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THEOREM Z. 

Two rectangular paraHlehpipedons^ having equal altitudes and 

equal bases, are equal. 

Let E — ABCDj and F — KGHI, be two rectangular par 
allelopipedons having equal x^ 
bases, A C and KH, and equal 
altitudes, AE and KF: then 
will they be equal. 

For, apply the base of the 
one parallelopipedon to that 
of the other, and since the bases are equal, they will coincide 

Again, since the edges are perpendicular to the bases, the 
edges of the one parallelopipedon will coincide with those of 
the other; and since the altitude AE is equal to KF, the 
planes of the upper bases will coincide. Hence, the paral- 
ielopipedons will coincide, and consequently they are equal. 




THEOREM XI. 

Two rectangular par allelopipedons, which have the same hase^ are 

to each other as their altitudes. 

Let the parallelopipedons AG, AL, 
have the same base BD, then will they 
be to each other as their altitudes AE 
AI. 

Suppose the altitudes AE, AI, to 
be to each other as two whole num- 
bers, as 15 23 to 8, for example. Di- 
vide AE into 15 equal parts, whereof 
AI will contain 8 ; and through rr. if, m, 
dec., the points of division, draw planes 
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parallel to the base. These planes 
will cut the solid AG into 15 partial 
parailelopipedons, all equal to each 
other, because they have equal bases 
and equal altitudes — equal bases, since 
every section, IL, made parallel to 
the base BD^ of a prism, is equal 
to that base ; equal altitudes, because 
the altitudes are the equal divisions Ax, 
jey, yzj &c. But of these 15 equal par- 
allelopipedons, 8 are contained in AL; 
heBce, soUd AG : solid AL : : 
or generally, 

solid AG : solid AL i : 



E. 



\ 



a-- 



A 



\ 



\ 



15 



AE 



"nG 



— c 



8 



AL 



THEOREM XII. 

Two regular pardllelopipsdons, having the same altitude, are ta 

each other as their bases. 

Let the parallelopipe- 
dons AG, AK, have the 
same altitude AE; then 
will they be to each 
other as their bases AC, 
AN. 

Having placed the two 
solids by the side of each 
other, as the figure re- 
presents, produce the 
I^ane ONKL until it 
meets the plane D CGH 
in PQ; you will thus 
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have a third parallelo- 
pipcdon AQ, which may 
be compared with each 
of the parallelopipedone 
A Cr, AK. The two sol- 
ids AG,AQ, having the 
same base AEHDy are 
to each other as their 
altitudes AB^ AO ; in 
like manner, the two 
solids AQ AK, having 
the same base AOLE, 
are to each other as their 
altitudes AD, AM, 



Of Paralli»lopipedons. 




Hence, we have the two proportions, 

solid AG : solid AQ : : AB : AO, 
solid AQ : solid AK : : AD : AM. 
Multiplying together the corresponding terms of these pro- 
portions, and omitting the common multiplier soUdAQ, we have 

solid AG : solid AK : : ABxAD : AOxAM. 
Bui ABx AD represents the base ABCD; and AOxAM 
represents the base AMNO: hence, two rectangular parallel- 
opipedons of the same altitude are to each other as their bas^s. 

THEOREM XIII. 

Any two rectangular parallelopidedons are to each other as the 

products of their three dimensions. 

For, having placed the two solids AG, AZ, (see next figure) 
80 that their surfaces have the common angle BAE, produce 
the planes necessary for completing the third parallelopipodon 
AK, having the same altitude with the parallelopipedon AG, 
By the last proposition we shall have the proportion, 
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AG : soUd AK : : ABCD 



AMNO 



But the two paral- 
Iclopipedons AK, AZ, 
fiaying the same base 
AMNO, are to each 
other as their altitudes 
AE^ AX; hence, we 
have 




solid AK : solid A2; : : AE : AX. 

Multiplying together the corresponding terms of these pro* 
portions, and omitting in the result the common multiplier 
soUd AK, we shall have 

solid AG : soUd AZ : : ABCDxAE : AMNOxAX. 

Instead of the bases ABCD and AMNO, put AB x AD 
and J. Ox A JIf, and we have ^^ 

soHdAG : solid AZ •: ABxADxAE : AOxAMxAX. 

Hence, any two rectangular parallelopipedons are to each 
other as the product of their three dimensions. 

Seh, We are consequently authorized to assume, as the 
measure of a rectangular parallelopipedon, the product of its 
three dimensions. 

In order to comprehend the nature of this measurement it 

is necessary to reflect, that the number of linear miits in one 

13 
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dimension of the base multiplied b^ tbe number of Unoar unitR 
of the other dimension of tlie base, will give the number of 
■uperficial units in the base of the jiarallelopipedon (Bk. IV 
Th. vi. Sch). For each unit in height, there are evidently aa 
majiy Eolid units aa there are superficial units in the basa. 
Therefore, the product of the number of superfidal naits in the 
base multiplied by the number of liaear units id the altJtuda 
is the number of solid units in tbe paralJelopipedou. 

If the three dimensions of another paraIlei<^ipedon arc Talued 
according to the same linear unit, and multiplied together in 
the same manner, the two products will be to each other as 
Ae solids, and will serve to express theii relative magnitude. 

Lot us illustrate thia by an example. 

Let ABCD be the base of a 
parallelopipedon, and suppose 
AB=i feet, and BC=3 feet. 
Then the number of square feet 
in the base ABCD will be equal 
to 3x4=12 square feet 

Therefore, 12 equal cubes of 1 
foot each, may be placed by the 

side of each other on the base. If the parallelopipedon be 1 
foot in height, it will contain 12 cubic feet ; were it 2 feet in 
height, it would contain two tiers of cubes, or 24 cubic feet; 
were it 3 feet in height, it would contain three tiers of cubes, 
or 36 cubic feet. 

The m^^itude of a solid, its volume ot extent, forms what 
is called its tolidity ; and this word is exclusively employed 
to designate the measure of a solid ; thus, we say the solidity 
of a rectangular parallelopipedon is equal to the product of its 
base hy its altitude, or to the product of its three dimenaiwis 
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As tlie cube has all iu three dimensions equal, if the side 
is l.llie solidity wiU be 1 x 1 Xl=l ; if the side is 2, the 
solidity wiU be 2x2x2=8; if the side is 3, the solidity 
will be 3x3x3=27; and so on: hence, if the sides of a 
•CTies of cubes are to each other as the numbers 1, 2, 3, &a, 
die cubes themselves, or their solidities, will be as the num- 
bers 1, 8, 27, &c. Hence it is, that in arithmetic, the euhe oi 
autunber is the name given to a product which results from 
■hiee factors, each equal to this number. 

THEOREM XIV. 

If a paraUet^pedon, a prism, <md a cylinder, havt efweobnl 

bases and eguai altitudes, they will be eqvivaleTit. 

Let F—ABCD, be a parallelopipedon ; F— ABODE, a 

prism; and D — ABC, a cylinder, having equivdent bases 

Bud equal altitudes : then will they be equivalent 



|yi\ 

For, since iheir bases are equivalent they will contain the 
■arae number of units of surface (Bk. IV. Def. 9). Now, 
fcK each unit of height there will be one tier of equal cubes 
in each solid, and since the altitudes are equal, ibe number of 
tiers in each solid will be equal : hence, the aolidities will be 
equal, and therefore the solids will be equivalent. 

Cor. Hence, we conclude, that the solidity of a. prism ot 
eylinder is equal to the area of its base multiplied by id 
ikitude. 
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THEOREM XT. 



Ttoo triangular pyramids^ having equivalent bases and equal 
altitudes, are equivalenty or equai in solidity. 





Let their equivalent bases, ABC^ abe, be situated in the 
same plane, and let ilT be their common altitude. If they 
are not equivalent, let iS — abc be the smaller ; and suppose 
Aa to be the altitude of a prism, which, having ABC for its 
base, is equal to their difference. 

Divide the altitude AT into equal parts Ax, xy, yz, &c., 
each less than Aa, and let k be one of those parts : through 
tlie points of division pass planes parallel to the plane of the 
bases : the corresponding sections formed by these planes iii 
the two p}Tamid8 will be respectively equivalent, nafUelj) 
DEF to def, OHI to gU, <fec. (Th. r. Cor.) 
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This being granted, upon the triangles ABC^ DEF, GHI^ 
&c., taken as bases, construct exterior prisms having for 
edges the parts AD, DG^ GR, &c,y of the edge 8A ; in like 
maimer, on bases def, gkij ktm, &c«, in the second pyramid, 
coBstruct interior prisms, having for edges he eomspondlng 
parts of Sa. It is plain that the sHm of the exterior pxisms d 
the pyramid S — ABC will be greater than the pyramid; while 
the sum of the interior prisms of the pyraoud iS-^ofe, wA be 
less than the p3rramid. Hence, the differeaee between these 
sums will be greater than the difference between the pyramida. 

Now, beginning with the bases ABC^abc, the second ex- 
terior prism EFD — G is equivalent to the first interior prism 
^ — a, because they have the same altitude A, and their bases 
DEF, def, are equivalent ; for like reasons, Ae third exterior 
prism HIG — JET, and the second interior prism hi^ — (i, are 
equivalent ; the fourth exterior and the third intericM: ; and so 
OB, to the last of each series. Hence, all the exterior prisms 
of the pyramid S; — ABC, excepting the first prism BCA — Z), 
have equivalent corresponding ones in the interior prisms oi 
the pyramid S — ahc: hence, the prism BCA — D is the differ- 
Mxce between the sum of all the exterior prisms of the pyramid 
S — ABC, and of the intwor prisms of the pyramid S — ahn 
Biit thjs difference has already been proved to be greater than 
that of the two pyramids : which, by supposition, differ by 
the prism a — ABC: hence, the prism BCA—D, must be 
greater than the prism a — ABC. But in reality it is less, for 
ikey have the same base ABC, and the altitude Ax, of the 
first, is less than Aa, the altitude of the second. Hence, the 
aupposed inequali^ between the two pyramids cannot exist; 
h^ace, the two pyramids; B^-ABd S — a^c.having equal al- 
tiindes and equivalent bases, are ^themaelvesequivaleiit. 

13* 
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THEOREM XYI. 

Everjf triangular pyramid is a third part of a tnangtdof prism 
which ha8 an equal base and the same altitude. 

Let E^ABC be a trian- 
gular pyramiJ, ABC—DEF 
a triangular prism of the 
same base and the same al- 
titude : the pyramid will be 
equal to a third of the prism. 

Cut off the pyramid F — 
ABC from the prism, by the 
plane FAC ; there ^ill re- 
main the solid F—A CDE, 
which may be considered 
as a quadrangular pyramid, whose vertex is F, and whose 
base is the parallelogram ACDE. Draw the diagonal CE, 
and pass the plane FCE^ which will cut the quadrangular 
pyramid into two triangular ones, F-A CE, F-CDE, These 
two triangular pyramids have for their common altitude the 
perpendicular let fall from F on the plane ACDE ; and 
their bases are also equal, being halves of the parallelogram 
AD: hence, the pyramid F-ACEf and the p3rramid F-CDE^ 
are equivalent (Th. xv). 

But the pyramid F — CDE, and the pyramid F — ABC, have 
equal bases, ABC, DEF; they have also the same altitude, 
namely, the distance between the parallel planes ABC, DEF, 
hence, the two pyramids are equivalent. Now, the pyramid 
F — CDE has already been proved equivalent to F — ACE ; 
hence, the three pyramids F— ABC, F—CDE, F—ACE, 
which compose the prism ABC — DEF are all eqmvalenl 
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SoliJity of the Pyctmid. 

tlcnoe, tfae pjramid F — ABC is the thiid part of the piism 
ABC — DEF, which has au equal baae and the sune altitude. 
Car. Tbe aolidity of a trian^ar pyiaraid ia equal 10 a thitd 
ptR of the product of ita base by iia altitude. 

TUCORSH XTII. 

The teUdittf cf every pyrmtid is equal to the base muUipliei hf 
atkvd of Oe allituie. 

Let S~ABCDE be a pjrramid. 

Pass the plan«a SEB, SEC through 
the diagonals EB, EC; the polygonal 
[^Tamid S—ABCDE will be divided 
into several triangular pyramids all 
having the same altitude SO. But 
each of these pyramids is measured by 
multiplying its base ABE, BCE, or A 
CDE, by the ddrd part of its altitude 
SO (Th. xvi. Coc); henco the snm 

ef these triangular pyramids, or the polygonal pyramid 
1$ — ABCDE, will bo measured by the sum of the triangles 
ABE, BCE, CDE, or the polygon ABCDE, multiplied by 
one third of SO. 

Cot. 1. Every pyramid is the third part of the prism which 
his the same base and the same aldtude. 

Cor. 2. Two pyramids baring the same altitude, are to 
each other as their bases. 

Cor. 3. Two pyramids having equivalent bases, ar« to each 
other as theii altitudes. 

Cor. 4. Pyramids are to each other as the products of thcit 
baws by Iheti altitudes 
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Solidity of the Cone 




THEOREM XVIII. 

The solidity of a cone is equal to one third of the product of the 

hose multiplied by the altitude. 

Let ABCDE be the base, iS the 
▼oitex, and SO the altitude of the 
eone : then will its solidity be equal 
to one third the product of its base 
by its altitude SO, 

Inscribe in the base of the cone 
any regular polygon, ABCDE j and 
join the vertices A, B, C, &c., with 
the vertex S, of the cone ; &en will 
there be inscribed in the cone a right pyramid, having 
for its base the polygon ABCDE, The solidity of this 
pyramid is equal to one third of the base multiplied by the 
altitude (Th. xvii). 

Let now, the numbej of sides of the polygon be indefinitely 
increased : the polygon will then become equal to the circle, 
and the pyramid and ccme will coincide and become equal. 
But the solidity of the pyramid will still be equal to one thixd 
of the product of the base multiplied by the altitude, whatevei 
be the number of sides of the polygon which forms jts base; 
hence, the solidity of the cone is equal to one third of the 
product of its base multiplied by its altitude. 

Cor, 1. A cone is the third part of a cylinder having the 
same base and the same altitude ; whence it follows : 

Ist, That cones of equal altitudes are to each other as theii 
bases. 

2nd, That cones of eoual bases are to each other' as their 
altitiides. 
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Cor. 3. The soUdit; of & cone is equinlent to the solidity 
of a pyramid having an equivalent base and the ssine altitiide> 



TQEORIX JUX. 

mchathmwatimtmiat^ArirktmittgmM 



ABC—D, EFQ—H be 
priBms: thea ve sliall 



(h 



\ 1 



solidAD : tOUEH :: A^ : ^f'; 
or mU AO I a<m EH :: C& : HG*; 
or, the solids will be to each other as the cubes of any other 
of dieir homologous edges. 

For, the solids are lo each other as the products of their 
bases and altitudes (Th. nv. Cor.), that is, 
Mttid ABC-D : nlid EFO-H tiABCxCD : EFGxGff. 
But Ae bases being similar polygons are to each other as ihs 
■qoares iri" their Uke sides (Bk. IV. Th. nd) ; that is, 

ABC : EFG : : AS* : EP, 



mU ABC-D I ttUi EFG-H : • XffxCD : EPxGH. 
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But since the solids are simi- 
lar, the parallelograms BD and 
FHaic similar (Def. 3) : hence, 
CD and GH are pro|K>rtional to 
BC and FGf and consequently 
to AB and EF: hence, we have, 




: A^xAB 




sohd ABC-D : sMi EFG-H 
that is, 

solid ABC-D : soHd EFG-H . i Iff i SP; 

and in a similar manner it may he shown that the solids 
are to each other as the cubes of any other homologous edges. 

Cor. Since cylinders are to each other as the product of 
their bases and altitudes (Th. ziv. Cor.), it follows that similar 
cylinders are to each other as the cubes of the linear dimen- 

Every section of a sphere^ made by a pfane, is a einie. 

Let AMB be a section, made by 
a plane, in the sphere whose cen- 
tre is C. 

From the centre C draw CO^ 
perpendicular to the plane AMB^ 
and also draw the lines CA, CM^ 
d:c., to the points of the curve 
AMB, which terminate the sec- 
tion, and join OA, OM, dec. 
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Then, since CO is perdendic- 
ular to the plane AMB^ the an« 
^os COA^ COM &c., will be 
right angles, and since the radii 
of the sphere are all equal, the 
ngkt angled triangles CAO, COM^ 
&;c., will have the hypothenuses 
equal, and the side CO common : 
hence, the remaining sides will be equal (Bk. I. Th. xix). 
Therefore, all lines drawn from O to any point of the curve 
AMB are equal : hence AMB is a circle. 

Cor, 1. If the section passes throi^h the centre of the 
sphere, its radius will be the radius of the sphere : hence, all 
great circles are equal. 

Car. 2. Two great circles always bbect each other ; for 
their common intersection, passing through the centre, is a 
diameter. 

Car, 3. Every great circle divides the sphere and its sur- 
face into two equal parts : for, if the two hemispheres were 
separated and afterwards placed on the common base, with 
their convexities turned the same way, the two surfaces would 
exactly coincide, no point of the one being nearer the centre 
than any point of the other. 

Car, 4. The centre of a small circle, and that of the sphere, 
are in the same straight line, perpendicular to the plane of the 
small circle. 

Cor. 5. Small circles are the less die farther they lie from 
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die centre of the sphere ; for the greater CO », the less ia 
the chord ABf the diameter of the small ckcle AMB. 

THEOREM XXI. . 

Every pkme perpendicular to a radius at its extremity u imi^ 

gent to the sphere* 

Let FAG be a plane perpen- 
dicidar to the nidins OA, at its 
extremity A. Any point M, in 
this plane, being assumed, and 
OMj AMj being drawn, the an- 
gle 0AM will be a right angle, 
and hence, the distance OM will 
be greater than OA. Hence, 
the point M lies without the sphere ; and as the same can be 
shown for every other point of the plane FAG^ this plane can 
hare no point but A common to it and the surface of the 
sphere ; hence it is a tangent plane (Def. 31). 

Sch, In the same way it may be shown, that two spheres 
have but one point in common, and therefore touch each 
other, when the distance between their centres is equal to the 
sum, or the difference of their radii ; in either case, &e 
eentres and the point of contact lie in the same straight line. 

THEOREM XXII. 

If a regtdar semi-poh/gon be revolved about a Une passing 
through the centre and the vertices cf two opposite angles^ the 
surface described by its perimeter will be equal to the axis multi- 
pli^d by the circumference ^* the inscribed circle. 
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'Suppose the regular semi-polygon 
ABODE to be revolyed about the line 
AF 88 an axis : then will the surface 
desoribed by its perimeter be equal to 
AF multiplied by the circumference of 
the inscribed circle. 

Prom E and D, the extremities of 
one of the equal sides, let fall the per- 
pendiculars EH, DI^ on the axis AF^ 
a^d from the centre O, draw ON per- 
pendicular to the side DE: ON will then be the radius of the 
inscribed circle (Bk. lY. Prob. x). 

Let us first find the measure of the surface described by 
one of the equal sides, as DE. 

From N, the middle point of DE, draw NM pcrpendiculai 
to the axis AF, and tiirough E, draw EK, parallel to it, meet- 
ing MN ia 8, 

Then, since EN is half of ED, NS will be half of DK 
(fik. IV. Th. xiii) : and hence, NM is equal to half the sum 
of EH+DL 

But, mnce the circumferences of circles are to each other as 
Aeir diameters (Bk. IV. Th. xxiv), or as their r&dii, the 
halves of the diameters, we shall have the circumference de- 
scribed by the point N, equal to half the sum of the eirciun* 
ferences described by the points D and E. 

But in the revolution of the polygon the line £2) describes 

the surface of the frustum of a cone, the measure of which is 

equal to DE multiplied into half the sum of the circumfe* 

fenced of the two bases (Th. ix;; that is, equal to DE into 

the circumference described by the point N. 

14 
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Bill, ibe triangle ENS is similar to 
SNT (Bk. lY. Th. zviii), and also to 
EDKf and since TNS is similar to 
ONM, it follows that EDK and ONM 
■le similar ; hence, 




ED : EKox HI i: ON : NM, 

or ED : HI : : ctramference ON : circrnnferenee MN. 

consequently, 

ED X eircun^erenee MN^ HI x arctunferenee ON^ 

Aat is, ED mritiplied into the circrnnferenee of the circle de- 
scribed with the radius NM, is equal to HI into }he circum« 
ference of the circle described with the radius ON. But the 
former is equai to the suiface described by the line ED in the 
revolution of the polygon about the axis AF; hence, the latter 
is equal to the same area; and since the same may be shown 
for each of the other sides, it is plain that the surface des- 
cribed by the entire perimeter is equal to . , 

{FH+HI+IP+PQ+QA)xcif'f. ON^AFxei^/ON. 

Cor. The suriace described by any portion of the perim* 
eter, as EDC^ is equal to the distance between the two per- 
pendiculars let fall from its extremities, on the axis, multiplied 
by the circumference of the inscribed circle. For, the sfff* 
face described by DE is equal to i//x circumference ON. 
and the surface described by DC is equal to IPx drcumfe' 
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rBQce ON: hence, the sijface described by £Z)+Z)C, is equal 
ID (/l/-f-/P) X circumference ON^ or equal to J?Pxcircuni« 
ference ON. 




THEOBEM XXIII. . 

The Sttrfae$ of a spherB is equal to the product of its dimnstsr 
hf the drcun^ence of a great c^rde* 

Liet ABODE be a semicircle. In- 
scribe in it any regular semi-polygon, 
and from the cen^e O draw OF per- 
pendicular to one of the sides. 

Let the semicircle and the semi- 
polygon be rerolved about the axis 
A-E: the semicircumference ABODE 
will describe the surface of a sphere 
(Def. 26) ; and the perimeter of the 
semi-polygon will describe a surface 
which has for its measure AEx cir- 
ctunference OF (Th. xxii) ; and this will be true whatever be 
ihe number of sides of the polygon. But if the number of 
sides of the polygon be indefinitely increased, its perimeter 
will coincide with the circumference ABODE ^ the perpen- 
dicular OF will become equal to 0£, and the surface de» 
0erft>ed by the perimeter of the semi-polygon will then be the 
same as that described by the semicircumference ABODE. 
Hence, the surface of the sphere is equal to ii£x circum- 
ference OE. 

Cor, Since the area of a great circle is equal to the product 
of its circumference by half the radius, or by one-fourth of 
the diameter (Bk. IV, Th. xxvii), it follows that the suiface 
of « iipfaece is equal to four of ita great circles. 
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THEOREM XXIY. 

The surface of a sone is equal to its altitude multiplied by 

the eircumferenee of a great circle, ' 

For, the surface deseiibed by any 
foUMn ef the periraeier of the in- 
scribed polygon, as BC-i^CD is equal 
to fiETx circumference OF (Th. xzii. 
Ck>r). But when the number of sides 
of the polygon is indefinitely increased, 
BC+CD, becomes the arc BCD, OF 
becomes equal to OA, and the surface 
described by BC+CD^ becomes the 
surface of the zone described by the 
SIC BCD: hence, the surface of the 
zone is equal to £/fx circumference 
OA. 

Seh. 1. When the zone has but one base, as the zone de*> 
scribed by the arc ABCD, its surface will still be equal to 
the altitude AE multiplied by the circumference of a great 
circle. X 

iSoA. 2. Two zones taken in the same sphere, or in equal 
ipkeres, are to each other as their altitudes ; and any zone is 
lo the surface of the sphere as the altitude of the zone is Is 
die diameter of the sphere. 




THEOREM XXT. 

The solidity of a sphere is equal to one third of the product rf 
the surface multiplied hy the radius. 

Tott conceive a.pdyedron to be inscribed in the spher^. 
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This polyedron may be considered as fonned of pyramids, each 
liaTing for its vertex the centre of the sphere, and for its base 
«ne of the faces of the polyedron. Now, the solidity of each 
pjnunidy wiU be equal to one third of the prcjduct of its base 
by its altitude (Th. xvii). 

Biit if we suppose the faces of the polyedrou to be confine 
ally diminished^ and consequeotlyy the number ot the pyra- 
mids to be constantly increased, the polyedron will finally 
become tiie sphere, and the bases of all the pyramids wiH 
become the surface of the sphere. When this takes place, 
the solidities of the pyramids will still be equal to one third 
tta product of the bases by the common altitude, which will 
then be equal to the radius of the sphere. 

Hence, the solidity oi a sphere is equal to one third of the 
product of the surface bv the radius. 



THEOREM XXTI. 

The surface rf a ^phsre is equal te ike convex surfmee of the 
weumserHnng cylinder ; and the soliditf of the ^here is two 
thirds the soiidity of the eireumscrihing cylinder. 

Let MFNQ be a great circle of 
the sphere; ABCD the circum- 
scribing square : if the semicircle 
PMQ, and the half square PADQ, 
are at the same time made to re- 
volve about the diameter PQ, the 
BtimLcircle will describe the sphere, 
wliile the half square will describe 
the cylinder circumscribed about 
that sphere. 

The altitude AD, of the cylinder, is equal to the diameter 
14» 
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PQ; the base of the cylinder is 
equal to the great circle, since its 
diameter AB is equal MN; hence, 
die convex surface of the cylin- 
der is equal to the circumference 
of the great circle multiplied by 
its diameter (Th. ii). This meas- 
ore is the same as that of the sur- 
face of die sphere (Th. xxiii): 
hence, the surface of the sphere is equal to the convex sur- 
face of the circumscribing cylinder. 

In the next place, since the base of the circumscrilmig 
cylinder is equal to a great circle, and its altitude to the di- 
ameter, the solidity of the cylindw will be equal to a great 
circle multiplied by a diameter (Th. xiv. Cor). But the so* 
lidity of the sphere is equal to its surface multiplied jby a third 
of its radius ; and since the surface is equal to four great 
circles (Th. xxiii. Ck>r.), the solidity is equal to four great cir- 
cles multiplied by a third of the radius ; in other Vords, to 
one great circle multiplied by four-thirds of the radius, or 
by two-thirds of the diameter; hence, the sphere is two-thirds 
of the circunucribing cylinder. 
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APPENDIX 

OF THE riTB UBBULAR POLTBDBONi. 

A rtffular polgedron, u one whoM taea m all equal poJy- 
pim, and whoM pol^cdra) angles are eqnal. Tiiere are fin 
incEi solids. 

1. TbeTcfinamlKMt,oTeqnilateTalp7r8inid,iiawlidbovnded 
kj fow «qaai triugleB. 



A 



2. The hexaedron or ru^. is a solid, bounded by six eqiul 



S. The ottatdron, is a soUd, bounded by eight equal equl- 
latraal triangles. 
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6. Tha regnlai Kdids maj etuafy be mads of pastehMtrd. 

Dnw the fignrea of the regidat aolida sccunttsly on pute- 
bosrd, and then cot throogh the boimding linea : this will giro 
figure* of paateboaid aiinilai to the diagrama. Then, col 
the olhei linea half thraiigfa the paaletwud, after which, tnm 
op the pana, and ^ne them together, and yoa will tana As 
bodiea which haVe been deaciibed. 
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SECTION I. 

1. 2^ logarilhm </ a nmnber ii tk0 et^Mnmi of the pcno&r 
to whkh ii if nMeuary to rai9$ a Jlxed numhfr^ in order fo 
^produce the first number. 

This fixed xiuml)er is called the base of the system, and may 
baanj luimber except 1 : in the commoii system 10 is assmded 
as the base. 

2k If il^e fonn thbse poweis pf 10, which are denoted by entire 
«r{k)aeiitay m shall hare 

10*=1 10* = 10 , 10* rr 1000 

10* « 100 , 10* = 10000, Ae. Ac. 
From the albove table, it is plain, that 0, 1, 2, 3, 4, Ac, are re- 
spectiyely the logarithms of 1, 10, 100, 1000, 10000, Ac. ; we 
also see that the logarithm of any number between 1 and 10 is 
greater than and less than 1 : thus 

Leg 2=0.801080 
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11m logaritlim of raj miniber greater tiiia 10, and Itm Hub 
lOOy k greater than 1 rad leu ihan 8 : ikwB 

Log 50 = 1.698970 

Tbe logaridiin of any nnmlier gieafter thaB 100, and loviluBi 
1000, it greater than 2 and less than 3 : thu 

Log 126 = 2.100371, Ae. 

If the above piindples be extended to other nnmben, it will 
appear, that the logarithm of anj number, not an exact power 
of ten, is made np of two parts, an entire and a decimal part 
Ihe entire part is called the eharaeieristie ef the lofforitkm^ 
rad b always one less than the number of places of fignres in the 
I^Ten number. 

8. The principal use of logarithms, is to abridge numerical 
computations. 

Let M denote any number, and let its logarithm be denoted 
by m ; also let If denote a second number whose ]ogariihm ii 
n ; then from the definition we shall have 

10"= M (1) lO' = IT (2) 

Multiplying equations (1) and (2), member by member, we 
have 

10**' s= Mxy or, m+n = log MxJf: hence, 
The ium of the logarithme of any heo numhere ie equal te 

the logarithm of their product 
Dividing equation (1) by equation (2), member by member, 

we hare 

•-• Jf At 

10 =* j^ 0^1 ^ — » = log TK-* hence. 

The logarithm of the quotient of two numbers, ie equal to iht 
logarithm qf the dividend diminished hy the logdrithm of the 
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4. SiDoe tbe logarithm of 10 is 1, thelogarithm of the product 
of any number 5y 10, will be greater by 1 than the logarithm of 
that number; also, the logarithm of any number divided by lOp 
will be less by 1 than the logarithm of that number . 

Similarly, it may be shown that the logarithm of any number 
multiplied by a hundred, is greater by 2 than the logarithm of 
that number^ and the logarithm of any nnmber dirided by 100 
is less by 2, than the logarithm of that nnmber, and so on. 



log 827 


• 

18 


2.514548 


log 82.7 


« 


1.514548 


log 3.27 


tt 


0.514548 


log ^27 


il 


T.514548 


log .0327 


u 


2.514548 



From the above examples, we see, that in a number composed 
of an entire and decimal part, we may change the place of the 
decimal point without changing the decimal part of the logarithm*, 
but the characteristic is diminished by 1 for every place that the 
decimal point is removed to the left. 

In the logarithm of a decimal, the characteristic becomes nega- 
tiye, and is numerically 1 greater than the number of ciphers im- 
mediately after the decimal point* The negative sign extends 
only to the characteristic, and is written over it as in the exam- 
ples given above. 



V 



TABLE 07 LOGARITHMS. 

6. A table of logarithms, is a table in which are written the 
logarithms of all numbers between 1 and some given number. 
The logarithms of all numbers between 1 and 10,000 are given 
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in the annexed table. Sinoe rules hare been given for determin- 
ing the cbaracteriaticB of logarithms bj simple inspection, it has 
not been deemed necessary to write them in the table, the deci- 
mal part only being given. The characteristic, however, is given 
for all numbers le8» than 100. 

The left hand column of each page of the table, ia the colamn 
of numbers, and is designated- by the letter N ; the logarithms 
of these numbers are placed opposite them on the same hori- 
sontal line. The last column on each page, headed D, shows the 
difference between the logarithms of two consecutive numbers. 
This difference is found by subtracting the logarithm under the 
column headed 4, from the one in the column headed 5 in the 
same horizontal line, and is nearly a Biean of the differences 
of any two consecutive logarithms on the line. 

6. To find from the table the logarithm of any number. 

If the number is less than 100, look on the first page of the 
table, in the column of numbers under N, until the number is 
found : the number opposite is the logarithm sought : Thus 

log 9 = 0.954243 

f . When the number is greater than 100 and lees than 10000. 

Find in the column of numbers, the first three figures of the 
given number. Then pass across the page along a hdriiontd 
line until you come into the column under the fourth %ttre of 
the given number : at this place, there are four figtu'ea of the 
required logarithm, to which two figures taken from the column 
marked 0, are to be prefixed. 

If the four figures already found stand opposite a row of six 
iignres in the column marked 0, the two left hand figures of 
the six; are the two to be prefixed ; but if they stand opposite 
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a row of onlj four figures, you ascend the column till you find 
a row of six figures ; the two left hand figures of this row are 
the two to be prefixed. K you prefix to the decimal part thus 
found, the characteristic, you will have the logarithm sought : 
Thus, 

log 8979 = 3.953228 ** 

log .08979 = 2.953228 
If howerer in passing bade from tha four figures found, to the 
column, any dots be met with, jthe two figures to be prefixed 
must be taken firom the horizontal line directly below : Thus, 

log 3098 = 8.491081 

log 30.98 =: 1.491081 

If the logarithm falls at a place where the dots occur, must 
be written for each dot, and the two figures to be prefixed are 
as before taken from the line below : Thus, 

log 2188 = 3.340047 

log .2188 = 1.840047 

8. When the number exceeds 10,000. 

The characteristic is determined by the rules already given. 
To find the decimal part of the logarithm. Place a decimal 
pofnt after the fourth figure from the left hand, converting the 
given number into a whole number and decimal. Find the loga- 
rithm of the entire part by the rule just given, then take from 
the right hand column of the page, under D, the number on the 
same horizontal line "with the logarithm, and multiply it by the 
decimal part ; add the product thus obtained to the logarithm al- 
ready found, and the sum will be the logarithm sought. 

If, in multiplying the number taken from the column D, the 

decimal part of the product exceeds .6 let 1 be added to the en- 
15 
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tire part; if it is less than .5 the decimal part of the product is 
B^lected. 

EXAMPLE. 

To find log 672887. 

The characteristic is 5. ; placing a decimal point after the 
fourth figure from the left, we have 6728.87. The decimal part 
of the log 6728 is ^827886 and the corresponding number in the 
column D is 65 ; then 65X*87 = 56.55, and since the decimal 
part exceeds .5, we have 57 to be added to 827886, which gives 
.827943 

or log 672887 = 5.827943 

Similarly log .0672887 = 2.827943 

The last rule has been deduced under the supposition that the 
difference of the numbers is proportional to the difference of 
their logarithms, which is sufficiently exact within the narrow 
limits considered. 

In the above example, 65 is the difference between the loga- 
rithm of 672900 and the logarithm of 672800, that is, it is tVe 
difference between the logarithms of two numbers which differ by 
100. 

We have then the proportion 100 : 87 : : 65 • 56.55, the 
Bomber to be added to the logarithm already found. 

9. To find from the table the number corresponding to c 
given logarithm. 

Search in the columns of logarithms for the decimal part of 
the given logarithm : if it cannot be found in the table, take 
out the number corresponding to the next less logarithm and 
set it aside. Subtract this less logarithm from the given loga- 
rithm, and annex to the remainder as many zeros as may be 
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neoessaiy, and divide this result bj the corres])ondia<|^ nurabeT 
taken from the column marked D, continuing the division as 
long as desirable : annex the quotient to the number set aside. 
Point off, from the left hand, as many integer figures as there are 
anits in the characteristic of the given logarithm increased hj 
I; the result is the required number. 

If the characteristic is negative, the number will be entirely 
decimal, and the number of zeros to be placed immediately after 
the decimal point will be equal to the number of units in the 
characteristic diminished by 1. 

This rule, like its converse, is founded on the supposition that 
the difference of the logarithms is proportional to the diderence 
of their numbers within narrow limits, 

KZAMPLS. 

Find the number corresponding to the logarithm d.23d£^8. 
The decimal part of the given logarithm is .233568 
The.nezt less logarithm of the table is .233504 and its 

corresponding number 1712. 

Their difference is - - - ©4 



Tabular difference 253)0400000(25 

Hence the number sought 171 2.25 

The number corresponding to 3.2335G6 is .00171225 

MULTIPLICATION BT LOGARITHMS. 

10. When it is required to multiply numbers by means of 
their logarithms, we first find from the table the logarithms of 
the numbers to be multiplied ; we next add these logarithms 
together, and their sum is the logarithm of the product of the 
numbers (Art. 3). 

The term ium is to be understood in its algebraic sense; 
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therefore, if anjr of the logarithms ha^ negatiye characteristica, 
the difference between their sum and that of the positive 
characteristics, is to be taken ; the sign of the remaiuder is 
that of the greater sum. 

XZAMFLES. 

1. Multiplj 23.14 by 5.062. 

log 23.14 = 1.364383 
log 5.062 = 0.704322 

Product 117.1347 .... 2.068685 



2. Multiply 3.902, 597.16 and 0.0314728 together. 

log 3.902 = 0.591287 

log 597.16 = 2.776091 

log 0.0314728 = 2.497936 

Product 73.3354 .... 1.865314 



Here the 2 cancels the + 2, and the 1 carried firom the dfioi* 
mal part is set down. 

8. Multiply 3.586, 2.1046, 0.8372, and 0.0294, together. 

log 3.586 = 0.554610 
log 2.1046 = 0.823170 
log 0.8372 = 1.922829 
log 0.0294 = 2.468347 

Product 0.1857615 . . 1.268956 



In this example the 2, carried from the decimal part, oanooU 
2, and there remains 1 to be set down. 

DIVISION OF NUMBERS BY LOGARITHMS. 

11. When it is required to divide numbers by means of thcii 
logarithms, we have only to recollect, that the subtraction of 
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logarithms correspoods to tlie division of their numbere (Art. 3). 
IleDce, if we find the logarithm of the dividend, and from it sub- 
tract the logarithm of the divisor, the remainder will be the loga- 
rithm of the quotient. 

This additional caution may be added. The difference of the 
logarithms, as here used, means the algebraic difference; so 
that, if the logarithm of the divisor have a negative characteristic 
its sign must be changed to positive, after diminishing it by the 
unit, if any, carried in the subtraction from the decimal part of 
the logarithoL Or, if the characteristic of the logarithm of the 
dividend is negative, it must be treated as a negative number. 

XZAMPLE8. 

1. To divide 24163 by 4567. 

log 24163 = 4.383151 

log 4567 = 3.659631 

Quotient 5.29078 .... 0.723520 

2. To divide 0.06314 by .007241 

log 0.06314 = 2.800305 
log 0.007241 = 3.859799 

Quotient . . 8.7198 .... 0.940506 

Here, 1 carried from the decimal part to the 3 changes it to 
2, which being taken from 2, leaves for the characteristic 

3. To divide 37.140 by 523.76 

log 37.149 = 1.569947 
log 523.76 = 2.719133 

Quotient . . 0.0709274 . 2.850814 
16* 
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4. To divide 0.7438 by 12.9476 

log 0.7438 = 1.871456 
log 12.9476 = 1.112189 

Quotient . . 0.057447 . . "2.769267 

Here, the 1 taken from 1, gives 2 for a result, as set down. 

f 

ARrrHMETICAL COMPLEMENT. r 

12. The Arithmetical complement of a logarithm is the num- 
ber which remains after subtracting the logarithm from 10. 

Thus, . . 1 — 9.274687 = 0.725313 
Hence, 0.725313 is the arithmetical complement 

of 9.274687. 

13. We will now show that, the difference between two loga- 
ritkms is truly found^ by adding to the first logarithm the 
arithmetical complement of the logarithm to be subtracted^ and 
then diminishing the sum by 10. 

Let a = the first logarithm 

b = the logarithm to be subtracted 
and c = 10—6 = the arithmetical complement of 6. 

Now the difference between the two logarithms will be exr 
pressed by a— 6. 
But, from the equation c = 10—5, we have 

c-10 = —b 
hence, if we place for— 6 its value, we shall have 

a—b = a-fc— 10 
which agrees with the enunciation. 

When we wish the arithmetical complement of a logarithm, 
we may write it directly from the table, by subtracting thelrfC 
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haiid figure from 9, then proceeding to the rights subtract each 
figure from 9 till we reach the last significant figure^ which 
must be taken from 10 : this will be the sams as taking the 
logarithm from 10. 



1. From 8.274107 take 2.104729. 

By common method. By arith, eomp. 

8.274107 3.274107 

2.104729 its ar. comp. 7.895271 

Diff. 1.169378 Sum 1.169378 after Bub« 

tracting 10. 

Hence, to perform division by means of the arithmetical com- 
plement we have the following > . r ^ 

1 ■ * RULE. 

To the logarithm of the dividend add the arithmetical com* 
plement of the logarithm of the divisor : the sum after subtract 
ing 10, will be the logarithm of the quotient. 

EXAMPLES* 

1. Divide 327.6 by 22.07. 

log 327.5 . . . 2.515211 
log 22.07 ar. comp. 8^56198- 

Quotient . . 14.839 .... 1.171409 

2, Divide 0.7438 by 12.9476. 

log 0.7438 T.871456 

leg 12.9476 ar. comp. 8.887811 

Qaotient . . 0.057447 . . . 2.759267 
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Iq this example, the sum of tbe characteristics is 6, firoin 
whidu taking 10, the remainder is 2. 

8. Divide 87.149 hj 523.76. 

log 37.149 1.569947 

log 523.76 ar. comp. 7.280867 

Quotient . . 0.0709273 . . • 2.850814 
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SCALE OF EaUAL FARTS. 
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14. A scale of equal parts is formed by dividing a line of a 
given length into equal portions. 

If, for example, the line ah of a given length, say one inch, 
be divided into any number of equal parts, as 10, the scale thus 
formed, is called a scale of ten parts to the inch. The line a&, 
which is divided, is called the unit of the scale. This unit is 
laid off several times on the left of the divided line, and its 
extremities marked, 1, 2, 3, &c. 

The unit of scales of equal parts, is, in general, either an 
inch, or an exact part of an inch. If, for example, ah the unit 
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of the scnie, were balf an inch, the scale would be cue of 10 
parts to half an inch, or of 20 paits to the inch. 

If it were required to take from the scale a line equal to two 
hidies and six-tenths, place one foot of the dividers at 2 on the 
left) and extend the other to .6, which marks the sixth of the 
amall divisions: the dividers will then embrace the required 
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15. This scale is thus constructed. Take ah for the unit of 
the Scale, which may be one inch, 7> ^ or f of an inch, in length. 
On ab describe the square ahcd^ Divide the sides ah and dc 
each into ten equal parts. Draw af and the other nine parallels 
Bs in the figure. 

Produce ha to the left, and lay off the unit of the scale any 
convenient number of times, and mark the points 1, 2, 3, dbc 
Then, divide the line ad into ten equal parts, and through the 
points of division draw parallels to ah as in the figure. 

Now, the small divisions of the line ah are each one-teeth 
(.1) of ah ; they are therefore .1 of a</, or .1 of ag or gh. 

If we oonsider the triangle adf^ we see that the base df it 
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oce-tenth of ad, the unit of the scale. Since the tlistance from 
a to the first horizontal line above ab, is one-tenth of the dis- 
tance ad, it follows that the distance measured on that line be- 
tween €ui and a/ is one- tenth of df: but since one-tenth of a 
tenth is a hundredth, it follows that this dbtance is one-Luu* 
dredth (.01) of the unit of the scale. A like distance measured 
on the second line will be two-hundredths (.02) of the unit of 
Uie scale ; on the third, .03 ; on Uie fourth, .04, d?c. 

If it were required to take, in the dividers, the unit of the 
scale, and any number of tenths, place one foot of the dividers 
at 1, and extend the other to that figure between a and 6 which 
designates the tenths. If two or more units are required, the 
dividers must be placed on a point of division further to the left. 

When units, tenths, and hundredths, are required, place one 
foot of the dividers where the vertical line through the point 
which designates the units, intersects the line which designates 
the hundredths : then, extend the dividers to that line between 
ad and be which designates the tenths : the distance so deter- 
mined will bo the one required. 

For example, to take off the distance 2.34, we place one foot 
of the dividers at l, and extend the other to e ; and to take off 
the distance 2.58, we place one foot of the dividers at p and ex- 
tend the other to q. 

Remark I. If a line is so long that the whole of it cannot 
be taken from the scale, it must be divided, and the parts of it 
taken from the scale in succession. 

Remark IL If a line be given upon the paper, its length 
can be found by taking it in the dividers and applying it to 
Use scale. 
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SCALE OF CHORDS 
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16. I^ with any radius, as AC^ we describe the quadrant CD^ 
and then divide it into 90 equal parts, each part is called a 
degree. 

Through (7, and each point of division, let a chord be drawii| 
and let the lengths of these chords be accurately laid olf on a 
scale : such a scale is called a scale of chords. In the figurSi 
the chords are drawn for every ten degrees. 

The scale of chords being once constructed, the radius of the 
circle from which the chords were obtained, is known ; for, the 
chord marked 60 is always eqnal to the radius of the circle. A 
scale of chords is generally laid down on the scales which belong 
to cases of mathematical instruments, and is marked oho. 

To lay off^ at a given point of a line, with the scale of chords^ 

an angle equal to a given angle. 

Let AB be the line, and A the given ^^ 

point. 

Take from the scale the chord of 60 de- 
grees, and with this radius, and the point 
4 as a centre, dewnibe the arc BO, Then take from the scale 
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Uie chord of the given an<r1e, say 30 degrees, and with this line 
as a radius, and £ as & centre, describe an arc cutting BC m €^ 
Through A and C draw the line AC^ and BAG will be the 
quired angle. 



SEMICIRCULAR PROTRACTOR. 
C 




17. This instrument is used to lay down, or protract anglefl. 
It may also be used to measure angles included between linea 
already drawn upon paper. 

It consists of a brass semicircle ABC divided to half degrees^ 
The degrees are numbered from to 180, both ways*; that is, 
from A to B and from ^ to ^. The divisions, in the figure^ 
are only made to degrees. There is a small notch at the mid- 
dle of the diameter AB^ which indicates the centre of tie pro- 
tractor. 

GUNTERS' SCALE. 

18. This is a scale oi two feet m length, on the £ices of 
which a variefj of scales is marked. The fses or which the 
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divkioDs of inches are made, contaiDs, however, all the scalea 
necessary for lajiug down lines and angles. These are, the 
■eale of equal parts, the diagonal scale of equal parts, and the 
■eald of diorda^ all of which have heen described. 
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19. In everjr plane triangle there are six parts: three sides 
and three angles. These parts are so related to each other, that 
when one side and any two other parts are given, the reznain- 
ing parts can be obtained, either by geometrical construction or 
by trigonometrical computation. 

20. Plane Trigonometry explains the methods of computing 
the unknown parts of a plane triangle, when a sufficient num- 
ber of the six parts is given. 

21. For the purpose of trigonometrical calculation, the ci^ 
cnmference of the circle is supposed to be divided into 360 
equal parts, called degrees ; each degree is supposed to be di- 
vided into 60 equal parts, called minutes ; and each minute into 
00 equal parts, called seconds. 

Degrees, minutesi and seciHids, are desigjtated respecii?«lj| 
16 
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by the characters ^ ' ". For example, ten degrees^ eighUm 
minutes^ and fourteen senrntds^ would be written 10^ 18' 14'' 
If two lines be drawn through the centre of the circle, at 
right angles to each other, they will divide the drcumferenoe 
into four equal parte, of 90*^ each. Every right angle then, as 
EOAf is measured by an arc of 90^; every acute angle, as 
BOA^ by an arc less than 90^ ; and every obtuse angle, aa 
FOA^ by an arc greater than 90^. 

22. The eomplement of an arc is 
what remains after subtracting the 
arc from 90°. Thus, the arc EB is 
the complement of AB, The sum of 
an arc and ite complement is equal q 
to 90°. 

23. The supplement of an arc is 
what remains after subtracting the 
arc from 180°. Thus, GF\^ the sup- 
plement of the arc AEF, The sum of an arc and its sup- 
plement is equal to 180°« 

24. Tlie sine of an arc is the perpendicular let fall from one 
extremity of the arc on the diameter which passes through 
the other extremity. Thus, BD is the sine of the arc AB. 

25. The cosine of an arc is the part of the diameter inter- 
cepted between the foot of the sine and centre. Thus, OD is 
the cosine of the arc AB. 

26. The tangent of an arc » the line which touches it at 
one extremity, and is limited by a line drawn through the 
other extremity and the centre of the drcle. Thus, il (7 is the 
tangent of the arc AB^ 
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27. Tlie secant of an arc is the line drawn from the centre 
of the circle through one eztreinitj of the arc, and linaited bj 
the tangent passing through the other eztremitj. Thus, 00 
m the secant of the arc AJB* 




28. The four lines, BD, 0J>, AC, 00, 'depend for Uieiz 
values on the arc A£ and the radius OA; they are thua 
designated : 

sin AB for JBD 

COS AB for OB 

tan AB for AC 

sec AB for 00 

29. If ABE be equal to a quad- ^ 
rant, or 90^, then JSB will be the 
complement of AB. Let the lines 
£^T and IB be drawn perpendicular 
to OK Tlien, 

£T^ the tangent of HB, is called the cotangent of AB ; 
I By the sine oi EB^ is equal to the cosine of AB; 
OT, the secant of EB^ is called the cosecant of ABm 
In general, if A is any arc or angle, we have, 

cos A =. sin (90°—^) 

cot A = tan (90«— -4) 

cosec A = sec (90**— -4) 

30. If we take an arc ABEF, greater than 90*, its sine 
will be FH; O/T will be its cosine; AQ \\& tangent, and OQ 
its secant. But FH is the sine of the arc GF, which is the 
STlpplement of AF, and OE is its oosine : hence^ M« svm ^ 
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Ml are is equal to the sine of its supplement ; and ike cosine 
ftf an are is equal to the cosine of its supplement.* 

Furthermore, AQ i& the tangent of the arc AFy and OQ'n 
itA secant : GL is the tangent, and OL the secant of the snp- 
plemental arc OF. But since ^Q is equal to GL^ and-OQ 
to OZ, it follows that, the tangent of an are is equal to th§ 
tangent of its supplement; and the secant of an are is equal 
to the secant of its supplemenU* 

Let us suppose, that in a circle of a given radius, the 
lengths of the sine, cosine, tangent, and cotangent, have been 
calculated for every minute ' or second of the quadrant, and 
arranged in a table; such a table is called a table of sines and 

tangents. If the radius of the circle is 1, the table is called a 
table of natural sines. A table of natural sines, therefore, shows 
the values of the sines, cosines, tangents and cotangents of all 
the arcs of a quadrant, divided to minutes or seconds. 

If the sines, cosines, tangents, and secants are known for ares 
less than 90°, those for arcs which are greater can be found 
from them. For if an arc is less than 90^, its supplement 
will be greater than 90^, and the values of these lines are the 
same for an arc and its supplement Thus, if we know the 
sine of 20^, we also know the sine of its supplement 160^ ; 
for the two are equal to each other. 

TABLE OF LOQARITHMIO SINKS. 

31. ^1^ ^s table are arranged the logarithms of the nume- 
rical values of the sines, cosines, tangents, and cotangents of all 

* These relations are between the numerical values of the trigonomotrlca) 
lines ; the algebraic sigos^ which th^y have in the dififereat quadraiUB^ htt 
not oensidered. 
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the ares of a quadrant, caleulated to a radius of 10,000,000,000. 
The logarithm of this radius is 10. In the first and last hori* 
sontal lines of each page, are written the degrees whose sioet, 
ooednes, &c^ are expressed on the page. The vertical coiunmt 
on the left and right, are columns of minutes. 

CASK I. 

2\> Jind, in the tahU, the logarithmic eine^ cosine^ tangent^ or 
cotangent of any given are or angle, 

32. If the angle is less than 45^, look for the degrees in the 
first horizontal line of the different pages : then descend along 
the column of minutes, on the left of the page, till you reach 
the numher showing the minutes: then pass along the hori* 
zontal line till you come into the column designated, sine, 
cosine, tangent, or cotangent, as the case may be : the numbei 
so indicated is the logarithm sought Thus, on page 37, foi 
I0<> 66' we find, 

sine 19^ 66' 9.632312 

cos 19° 66' 9.973216 

tan 19° 66' 9.659097 

cot 19° bb' 10.440903 

33. If the angle is greater than 46°, search for the degrees 
along the bottom line of the different pages : then, ascend 
along the column of minutes on the right hand side of the 
page, till you reach the number expressing the minutes : then 
pass along the horizontal line into the column designated 
tang, cot, sine, or cosine, as the case may be : the number so 
pointed out is the logarithm required. 

34. The column designated sine, at the top of the page, is 

16* 



1811 TBIQOKOMETBY. 



llBeB of the Tables. 



designated by cosioe at the bottom ; the one designated taog, 
by cotang, and the one designated cotang, by tang. 

The angle found by taking the degrees at the top of the 
page and the minutes from the first vertical column on the 
left, is the complement of the angle found by taking the de- 
grees at the bottom of the page, and the minutes traced up in 
the right hand column to the same horizontal line. There- 
fi>re, sine, at the top of the page, should correspond with cosine, 
at the bottom ; cosine with sine, tang Fith cotang, and cotang 
with tang, as in the tables (Art. 11). 

If the angle is greater than 90°, we have only to subtract it 
from 180°, and take the sine, cosine, tangent or cotangent of 
the remainder. 

The column of the table next to the column of sines, and 
on the right of it, is designated by the letter 2). This column 
is calculated in the following manner. 

Opening the table at any page, as 42, the sine of 24® is 
found- to l)e 9 609313; that of 24° 01', 9.609597: their dif- 
ference is 284 ; this being divided by 60, the number of seconds 
in a minute, gives 4.73, which is entered in the column D, 

Now, supposing the increase of the logarithmic sine to be 
proportional to the increase of the arc, and it is nearly so for 
60", it follows, that 4.73 is the increase of the sine for l". 
Similarly, if the arc were 24° 20' the increase of the sine for 
1", would be 4.66. 

The same remarks are applicable in respect of the column 
/>, after th« column cosine, and of the column D, between 
the tangents and cotangents. The column D between the 
columns tangents and cotangents, answers to both of these 
oolumns. 
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Now, if it were required to find the logarithmic sine of an 
are expressed in degrees, minutes, and seconds, we have only 
to find the degrees and minutes as before ; then, multiply the 
corresponding tabular difference by the seconds, and add the pr<h 
duct to the number first found, for the sine of the given arc 

Thas, if we wish the sine of 40<» 26' 28". 

The sine 40^ 26' 9.811952 

Tabular difference 2.47 • • • • 

Number of seconds 28 • • • • 

Product . . 69.16 to be added 69.16 

Gives for the sine of 40° 26' 28" 9.812021. 



The decimal figures at the right are generally omitted in 
the final result ; but when they exceed five-tenths, the figure on 
the left of the decimal point is increased by 1 ; this gives the 
nearest approximate result. 

The tangent of an arc, in which there are seconds, is found 
in a manner entirely similar. In regard to the cosine and co- 
tangent, it must be remembered, that they increase while the 
arcs decrease, and decrease as the arcs are increased ; conse* 
quently, the proportional numbers found for the seconds, must 
be subtracted, not added. 

XXAMPLSS. 

1. To find the cosine of B"" 40' 40" 
The cosine of S"* 40' ... 9.909110 

Tabular difference .13 • • • 
Number of seconds 40 . 

Product 5.20 to be subtracted 5.20 

Gives for the cosine of S'' 40' 40" . 9.999105 
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2. Find the tongent of 37° 28' 81" 

Am. 9.884592. 
8. Find the cotangent of 87® 67' 69" 

Ans. 8.550366. 

CASK n. 

To find the degreeBy minutes and seconds, answering to any 
given logarithmic sine, cosine^ tangent or cotangent. 

35. Search in the table, and in the proper column, and if the 
namber be found, the degrees will be shown either at the top 
or bottom o^ the page, and the minutes in the side columns, 
either at the left or right 

But, if the iiumber cannot be found in the table, take 
from the table the degrees and minutes answering to the near- 
est less logarithm, the logarithm itself, and also the corres- 
ponding tabular difference. Subtract the logarithm taken from 
the table from the given logarithm, annex two ciphers to the 
remainder, and then divide the remainder bj the tabular dif- 
ference: the quotient will be seconds, and is to be connected 
with the degrees and minutes before found ; to be added for 
the sine and tangent, and subtracted for the cosine and co- 
tangent. 

EXAMPLES. 

1. Find the. arc answering to the sine 9.880054 
Sine 49"" 20', next less in the table 9.879963 

Tabular difference . . . 1.81)91.00(50" 

Hence, the arc 49° 20' 50" corresponds to the giYcn sina 
9.880054. 

2. Find the arc whose cotangent is • 10.008688 
cot 44^' 26', next less in the table . 10.0CS591 



Tabular difference . . . 4.21)97.00(28" 
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Hence, 44® 26'-23" = 44® 25' 37" is the arc answering to 
Uie given cotangent 10.008688. 

3. Find the arc answering to tangent 9.079110. 

Am. 43® 37' 21". 

4. iind the arc answering to cosine 9.944599. 

Am. 28® 19' 45". 

86. We shall now demonstrate the principal theorems of 
Plane Trigonometry. 

THEOREM I. 

The sides of a plane triangle are proportional to the sines 

of their opposite angles^ 

Let ABC be a triangle; then will 

CB X CA i\ fim A X sin B. *^ 

For, with ^ as a centre, and AD 
equal to the less side ^C7, as a radius, 
describe the arc DIi and with B as 
a centre and the equal radius BO^ ^ JSJ^Jj F 
describe the arc CL: now DE is the sine of tl^ angle A^ 
and CF is the sine of B, to the same radius Al> or BC. 
But by similar trianglesj- 

^jS) : D^E : : AG : OP, 
Eat AD being equal to jBC, we haVe-, 

BC : sin A : : AO : sin X or 
B'C : AiJ : : sin j1 : sin Bt 

r 

By comparing the sides AB^ AC^ m Sk similar manner, we 
ahould find, AB : AC : : sin C^ : sin A 




*l 
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THEOREM II. 

In any triangle^ the 9um of the two sides containing either 
angle^ is to their difference, as the tangent of half the sam of 
the two other angles, to the tangent of half their difference. 

Let ACB be a triangle: then will 

AB + AG\ AB^AO : : tan \{^C + B\i ten \{CS). 

With ^ as a centre, and a radius 
AC ih^ less of the two given sides, 
let the semicircle IFCE be de- 
scribed, meeting AB in /, and BA 
produced, in E. Then, BE will 
be the sum of the sides, and BI c **--— .--'FGH 
their difference. Draw CI and AF. 

Since CAE is an outward angle of the triangle ACB, it 
is equal to the sum of the inward angles C and B (Bk. 
I, Tb. xvi.) But the angle CIE being at the circumference, 
is half the angle CAE at the centre (Bk. II, Th. viii. Go^ 
1) ; that is, half the sum of the angles C and B^ or equal 
toJ((7+^). 

The angle AFC = ACB, is also equal to J5(7 + BAF; 
therefore, BAF = ACB -^ ABC. 

But, ICF= \{BAF) = \{ACB — ABC), or \{C—B). 

With / and C as centres, and the common radius IC, let 
the arcs CD and IQ be described, and draw the lines CE and 
IH perpendicular to IC. The perpendicular CE will pass 
through E, the extremity of the diameter IE, since the right 
angle ICE must be inscribed in a semicircle. 

But CE is the tangent of CIE = J((7H-J?); and IH is the 
tangent of ICB = \{^C — B), to the common radius CI 



TRIGONOMETRY. 



191 



TheoremB. 



But since the lines CE and IH are parallel, the triangles 
BHI and BCE are similar, and give the proportion, 

BE : BI :: CE : IH, or 

bj placing for BE and BI, CE and IHy their values, we have 

AB-^-ACx AB — AC:: tan i{C-^B) : tan i((7— B). 



THSORSM in« 

In any plane trianghy if a line is drawn from the vertical 
angle perpendicular to the base, dividing it into two segments: 
then, the whole base, or sum of the segments, is to the sum of 
the tufo other sides, as the difference of those sides to the dif- 
ference of the segments. 

Let BAC be a triangle, and AD perpendicular to the base ; 
then will 

BC: CA + AB:: CA — AB: CD — LB 

For, ^5* = !^ + ^^' 

(Bk. IV, Th. xii) ; 

and 'AC' =^ DG^ ■\-'AD' 




by subtraction AC —AB ^ CB-^ 

Bff. 

But since the difference of the squares 
of two lines is equivalent to the rectangle contained by their sum 
and difference (Davies* Legendre, Bk. IV, Prop, x,) we have, 

AG' — A]^^{AC+AB).(AC—AB) 

and 'C^—'dS=^{CD +DB),{CD~DB) 

therefore, {CD^DB) . {CD—I)B)=^{AC^-AB).(AC—AB) 
hence, CD -{- DBiAC + AB: :AC—AB:CD — DB. 
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THEOREM IV^. 

In any right-angled plane triangle, radius is to the tan- 
gent of either 'of the acute angles, as the side adjacent to the 
side opposite. 

Let CAB be the proposed triangle, £ 

and denote the radius by B : then will 

B : tan 0::A0 : AB. ^^^ | 

For, wi£h any radius as CD describe ^ 
the arc DH, and draw the tangent DG, 

From the similar triangles CBO and CAB we have 
CD : DQ :: CA: AB] hence, 
E : tan C : : CA : AB. 
By describing an arc with ^ as a centre, we could show in 
the same manner that, 

B ', tsLix B ::AB : AC. 

THEOREM v. 

In every right-angled plane triangle, radius is to the cosim 
of either of the acute angles, as the hypothenuse to the ^ 
adjacent. 

Let ABC be a triangle, right-angled 
at B then will 

B : om AwAC : AB. 
For, from the point ^ as a centre, with jm 
any radius as AD, describe the arc DF, 
which will measure the angle A, and draw DE perpendiculai 
to AB : then will AE be the cosine of A. 
The triangles ADE and ACB, being similar, we have 
AD \AE\\AC\ AB : that is, 
B : cos ^ : : AC : AB. 
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RmfABK. The relations between the Bides and angles of 
plane triangles, demonstrated in these five theorems, are suf* 
fident to solve all the cases of Plane Trigonometrj. Of the 
six parts which make up a plane triangle, three must be given, 
and at least one of these a side, before the others can be de- 
termined. 

K the three angles are given, it is plain, that an indefi- 
nite number of similar triangles may be constructed, the 
angles of which shall be respectively equal to the angles 
that are given, and therefore, the sides could not be de* 
termined. 

Assuming, with this restriction, any three parts of a trian- 
gle as given, one of the four following cases will always be pre- 
sented. 

L When two angles and a side are given. 

IL When two sides and an opposite angle are given. 
nL When two sides and the included angle are given. 
17. When the three sides are given. 

CASS I. 

When two angles and a side are given. 

Add the given angles together and subtract their sum from 
180 degrees. The remaining parts of the triangle can then 
bo found by Theorem I. 

SZAMPLBS. 

1. In a plane triangle ABG^ there 

are given the angle A = 58** 0*l\ the 

angle jB ^ 22^ 87', and the side AB = A 

408 yards. Required the other parts, 
17 
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OBOiaTiUECA]J.T, 

Draw an indefinite straigbt line AB^ apd from tbe scale of 
equal parts laj off AB equal to 408. Then at A lay off nn 
angle equal to 58^ 0*7', and at B an angle equal to 22° 37', 
and draw the lines AO and BC : thea will ABC be the tri- 
angle required. 

The angle C may be measured either with the protractor or 
the scale of chords (Arts. 16 and 1*I\ and will be found equal 
to 99° 16'. The sides AO said BC may be naeasured by re- 
ferring them to the scale of equal parts (Art. 2). We sbsB 
find AO = 158.9 and BC == 351. yards. 



TRiaONOHXTRICALLT BT LOGARITHMS. 

To the angle . • -4 = 58® 07' 
Add the angle 

Their sum 
taken from . . . 
leaves (7 • • , 
we use its supplement 



B = 22° SV 

= 80** 44' 

180** 00' 



99"* 16' which, exceeding 90° 
80** 44'. 



To find the side BO. 
As sin 99° 16' • ar. comp. , 

sin A 58° 07' • . ; , 

: AB 408 • . . . 

BC 351.024 (after rejecting 10) 



0.005706 
9.928972 
2.610660 
2.545337 



Bemark. The logarithm of the fourth term of a proportion 
is obtained by adding the logarithm of the second term to that 
of the third, and subtracting from their sum the logarithm of 
the first term. But to subtract the first term is the same as 
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lo add its arithmetical complemeDt and reject IC from the sura 
(Art. Id) : hence, the arithmetical complement of the first 
term added to the logarithms of the second and third terms, 
miniis ten, will giye the logarithm of the fonrth term. 





To find side AC. 






As sin C 


99** 16' 


ar. comp. 


• 


0.005705 


: sin B 


22» 87' 


• • • 


• 


9.584968 


: : AB 


408 * 


• • • 


• 


2.610660 


: AG 


158.970 


• • • 


• 


2«20133d 



rS. Ill a triangle ABC^ there we given A =s 88^ 25', 
B = 57^ 42', and AB = 400 : required the remaining parts. 
Am. O = 83^ 63', -5C s= 249.974, AC = 84C.04. 

OABX II. 

When two sides and an opposite angle are given. 

In a plane triangle ABC^ there are c 

given AO = 216, CB = ll7, the 
angle A = 22'* 87', to find the other j^^^ \ 
parts. 

GEOMSTRICALLT. 

Draw an indefinite right line ABB' : from any point as A^ 
draw AO making BAQ = 22^ 87', and make AC = 216. 
With C as a centre, and a radius equal to 117, the other given 
side, describe the arc B*B\ draw B'C and BCi then will 
either of the triangles ABO or AB'O^ answer all the oondj- 
tions of the question. 
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To find the angle J?. 

b BO 117 • ar. oomp. • • 7.9318U 

AC 216 2.334454 

imaA 22''31' 0.584968 

sin B' 45* 13' 55", or ABC 134* 46' 05" 9.851236 

Tlie ambignitj in thiSy and aunilar examples, arises in eon' 
fequenoe of the first propoilicm bdng titie for eiiher of the 
angles ABC^ or AB'C^ which are supplements of each other, 
and therefore have the same sine (Art. 30). As long as the 
two triangles exist, the ambignitf will continue. Bat if the 
side CB^ opposite the given angle, is greater than AC^ the arc 
BB' will cat the line ABB% on the same side of the point A^ 
in but one point, and then there will be only one triangle an- 
swering the conditions. 

If the side CB is equal to the perpendicular Cd, the arc 
BB' will be tangent to ABB\ and in this case also there 
will be but one triangle. When CB is less than the perpen- 
dicular Cd^ the arc BB' will not intersect the base ABB% and 
in that case, no triangle can be formed, or it will be impossible 
to fulfil the conditions of the problem. 

2. Given two sides of a triangle 50 and 40 respectively, and 
the angle opposite the latter equal to 32^ : required the re- 
maining parts of the triangle. 

Ans. If the angle opposite the side 50 is acute, it is equal 
to 41° 28' 59" ; the third angle is then equal to lOd'* 81' 01", 
and the third side to 72.868. If the angle opposite the side 
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60 IB obtuse, it is equaUto 138^ 31' 01'', tte third angio to 
9® 28' 69", and the remaining side to 12.436. 

CASK III. 

When the two sides and their included angle are j^ven. 

Let ABC be a triangle; AB, BC, ^ 

the given sides, and B the given 
angle. 

Since B is known, we can find the 
■am of the two other angles : for A^ ^C 

A+ 0— 180^ — B and 
\{A + C7) = i(180» - B) 
We next find half the difference of the angles A and (7 by 
Theorem ii., tiz. 

BC + BAiBO'-BAiiiBLVi \(A+ (7) : tan ^(^ - C): 
in which we consider BO greater than BA^ and therefore A is 
greater than 0\ since the greater angle must be opposite the 
greater side. 

Having found half the dilSerence of A and (7, by adding it 
to the half sum, ^A + C)^ we obtain the greater angle, and by 
subtracting it from half the sum, we obtain the less. That is 
\{A + C) + ^A --C)^A, and 

Having found the angles A and C7, the third side AC may 
be found by the proportion. 

sin Ax VOL B :i BC X AC. 

XZAMPLBS. 

1. In the tiiangle ABC, let BC = 540, AB = 460, and 
the included angle jS = 80® : required the remaining parts. 
17* 



188 TRIQONOMETRY. 



ApplioAtioni. 



GEOMETRICALLY. 



Draw an indefinite right line BO and from any pointy ai 
B^ lay off a distance BQ =• 540. At B make the angle 
CBA =s 80^ : draw BA and make the distance BA = 450: 
draw ^(7; then will ABQ be the required triangle. 



TRIG OKOMETRIC ALLY. 

Ba + BA=: 540 + 450 = 990; and BO — BA^ 540 — 

460 = 90. 
A+ 0= 180* —B=z 180° — 80** = 100*, and therefore, 

i{A + C) = J(100*) = 50* 

To find i{A—C). 

Aa bo -h BA 990 . ar. comp. . 7.004S65 

BO — BA 90 . • . . 1.954248 

: tan \{A + 0) 50« . . . . 10.076187 

t&n^{A—0) 6*11' . . . 9.034795 

Hence, 50* + 6* 11' = 56* 11' = A; and 50* — 6* 11' = 

43« 49' = O. 

To find the third side AO. 

As sin 43* 49' • ar. comp. • . 0.159672 

sin^ 80* 9.903351 

\ AB 4B0 2.658213 

AO 640.C82 2.806236 

2. Given two sides of a plane triangle, 1686 and 960, and 
their included angle 128* 04' : required the othe^ parts. 

Am. Angles, 83* 34' 89" ; 18* 21' 21" ; nde 240a 
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CASB IT. 

Having given the three sides of a plane triangle, to find 
die angles. 

Let fall a peq)eQdicular from the angle opposite the greater 
side, dividing the given triangle into two right-angled triangles : 
then find the difieience of the segments of the base by Theo- 
rem iii. Half this difference being added to half the base, 
gives the ^eater segment ; and, being subtracted from half the 
base, gives the less segment. Then, since the greater segment 
belongs to the right-angled triangle having the greatest hypo- 
thennse, we have the' sides and right angle of two right-angled 
triangles, to find the acute angles. 

EZAMPLES. 

1. The sides of a plane trian- 
gle being given; viz. EC = 40, AC 
= 34 and AB = 25 : required the 
aijgles. -S' 

OEOMSTRICALLT. 

With the three given lines as sides construct a triangle as 
m Bk. II. Prob. xi. Then measure the angles of the triangle 
either with the protractor or scale of chords. 




TRIOONOMETRICALLT. 

As BO \AC + AB : : ^(7— AB : CD 

59 X 9 



That is, 40 : 59 : : 9 : 



Then, 
And 



40 + 13.276 



4^— 13.275 



40 



BD 
13.276 



= 26.6375 = CD 



= 13.3626 = BD. 
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In the triaDgle DAC^ to find the angle DAC. 
Ab AC 34 • . ar. comp. • 8.468521 

DO 26.6376 .... 1.42549S 

: sin D 90** 10.000000 

sin DAC 61<> 34' 40" . . . 9.894014 

In the triangle BAD^ to find the angle BAD, 

As AB 25 ar. comp. • 8.602060 

BD 13.3626 . . . 1.125887 

; siu 2> 90*" .... 10.000000 

sin BAD 82® 18' 36" . . . 9.727947 

Hence 90<* — DAC-W — 61** 34' 40" = 38^ 25' 20" = C 
and 90» — BAD = 90^ — 32° 18' 85" = 67** 41' 25" = B 
and BAD + DAC— 51° 34' 40" + 32° 18' 35" = 83° 53' 

16" = A. 

2. In a triangle, in which the sides are 4, 6 and 6, what are 
the angles? 

Av^. 41° 24' 35"; 55° 46' 16"; and 82° 49' 09". 

BOLITTION OF RIGHT-ANGLED TRIANGLES. 

The unknown parts of a right-angled triangle may be found 
by either of the four last cases: or, if two of the sides are 
given, by means of the property that the square of the hypo- 
thenuae is equivalent to the sum of the squares of the two othcor 
sides. Or the parts may be found by Theorems iv. and v. 

EXAMPLES. 

1. In a right-angled triangle BAC^ ^^-^ 

there are given the hypothenuse BC ^^,,-^A-^ I 

= 260, and the base AC — 240: re- C^'^^^^^^ — \ U 

quiied the other parts. 
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To find the angle B. 






Ab BC 


250 • ar, ootkip. 


• 


1602060 


AC 


240 ... 


• 


2.380211 


: : sin ^ 


90<* ... 


. 


10.000000 


: sin B 


73^ 44' 23'' . 


. 


9.082271 



Bat C7 s= 90** — -B = 90** — 73* 44' 23" = 16* 16' 37" : 

Or C may be fbnnd from the proportion. 

Am CB 250 ar. oomp. • 7.602060 

AO 240. ... . 2.380211 

: B ..... 10.000000 

eos O 16** 15' 37" . . . 9.982271 



To find side AB by Theorem \r^ 

As R ar. comp. . 0.000000 

tan C 16* 15' 37" . . . 9.464889 

\ AC 240 ... . 2.880211 

AB 70.0008 .... 1.845100 



2. In a right-angled triangle BAC^ there are given AC^ti 
884, and B = 58^ 08' : required the remaining parts. 

Am. AB = 287.96 ; BC = 479.979 ; C = 36** 52'. 

DSFlNrnONS. 

1. A horizmtdl angle i6 one whose sides are horiz6ntal ; its 
plane is also horizontal. 

2. An angle of elevation or depression, has one horizontal side, 
and the other oblique^ but lying directly above or below tho first. 



fos 
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APPLIOATIOK TO HXIOHT8 AlTD DISTAKCKB. 



FROBLKU I. 

1*0 dHermhm the hjorizanUd dUtance to a point which is tnae- 
eeMible hy reatson of an intervening river. 

Let C be the point Measure 
along ihe bank of the river a hod' 
sontal base line AB, and select the 
stations A and B, in such a manner 
that each can be seen from the other, 
and the point (7 from both of them. 
Then measure the horizontal angles 
CAB and CBA^ with an instrument adapted to that purpose. 

Let us suppose that we have found AB ^^ 600 yardi| 
VAB = 67^ 36' and CBA = 64*» 61'. 






The angl 


e (7 = 180^ — {A + B) = 
To find the distance BO. 


:67« 


84'. 

i 


Aa 


^n C7 


67® 34' ar. comp. 


• 


0.073649 




sin A 


67° 35' . 


• 


0.926431 


:: 


AB 


600 


• 


S.778161 


: 


SO 


600.11 yards. 
To find the distance AC. 


• 


8.778231 


Aa 


sin 


67** 34' ar. comp. 


■ 


O.O73640 




sin j8 


64« 61' 


. 


9.956744 


ft . 


AB 


600 . i 


» 


2.778151 




AC 


643.^ yitfdfl. • 


• 


2.808644 
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PROBLEM n. 

T\i detemwM the altitude of an inaceessible c^ect ahovt a 

ffiven horizontal plane. 

FIRST METHOD 

Sappose 2) to be the inaccessible 
object, and BC the horizontal plane 
from which the altitude is to be » 
estimated: then, if we suppose DC 
to be a vertical line, it will repre- 
sent the required distance. 

Measure any horizontal base line, as BA\ and at the ex- 
tremities B and A^ measure the horizontal angles CBA and 
CAB. Measure also, the angle of eleyation DBC* 

Then in the triangle CBA there will be known, two angles 
and the side AB\ the side BC can therefore be determined. 
Having found BC, we shall have, in the right-angled triangle 
DBCy the base BC and the angle at the base, to find the per- 
pendicular DC, which measures the altitude of the point D 
above the horizontal plane BC 

Let us suppose that we have found 
BA = 780 yards, the horizontal angle CBA = 41° 24', 
the horizontal angle CAB = 96° 28', and the angle of eleva* 
tion DBC-=^ 10° 43'. 

In the triangle BCA, to find the horizontal distance BC 
The angle ^CLl — 1 80° - (41° 24' + 96° 28') — 42° 08'— G 

As sin (7 • 42° 08' ar. comp. . 0.173869 

: sin ^ . 96° 28' ... . 9.997228 

: : -4j5 . 780 .... 2.892095 

iC . 1155.29 .... 8.062692 



lOSlJ 
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In the nght-angled triangle J>BOy to find DO. 

Ab B ar. comp. • • 0.000000 

9.277043 
3.062692 



tan J>BC 


10° 43' 


BO 


1166.29 


DC 


218.64 



2.339^85 

Remark I. It might, at first, appear that the solution which 
we baye given, requires that the points B and A should be is 
the same horizontal plane; but it is entirely independent of 
ftttch a supposition* 

For, the horizontal distance, which is represented by BJ^ 
iif the same, whether the station A ]& on the same level with 
B^ above it, or below it. The horizontal angles CAB and 
CBA are also the same, so long as the point C is in the verti- 
cal line DO. Therefore, if the horizontal line through A should 
cut the vertical line DC^ at any point as E^ above or below 0^ 
AB would still be the horizontal distance between B and A^ 
and AE which is equal to AC^ would be the horizontal dis- 
tance between A and 0, 

If at u4, we measure the angle of elevation of the point 2), 
we shall know in the right-angled triangle DAE^ the base AE^ 
and the angle at the base \ from which the perpendicular BE 
can be determined. 
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Let us suppose that we had measured the angle of elevation 
DAE^ and found it equal to 20"^ 15^ 

First: In the triangle jS^ (7, to find AC or its equal AJB^ 

Ab toR O 42"^ 08' ar. oomp. • 0.173369 

: ain ^ 41*» 24' ... 9.820406 

-45 *80 ... 2.892096 






; AO 768.9 . . . 2.885870 

In the right-angled triangle DAE^ to find DE. 

Ab B ar. comp. • . 0.000000 

tan A 20"" 15' ... 9.5669^2 

: AE 768.9 . . . 2.885870 

DE 283.66 . . . 2.452802 

^oWj since DC ia less than DE, it follows that the station 
B 18 abore the station A, That is, 

DE - DC= 283.66 — 218.64 = 66.02 = EC, 
which expresses the vertical distance that the station £ is 
above the station A, 

Remark U. It should be remembered, that the vertical dis 
tince which is obtained by the calculation, is estimated from 
a horizontal line passing through the eye at the time of ob* 
servation. Hence, the height of the instrument is to be added, 
in order to obtain the true result. 

SECOND METHOD. 

When the nature of the ground will admit of it, measure d 

hase fine AB in the direction of the object D, Then mosh 

sure with the instrunient the angles of elevation at A and B. 

Then, since the outward angle DBC is equal to the sum 
18 
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of the angles A and 
ADB, it follows, that 
the angle ADB is 
equal to the difference 
of the angles of ele- 
vation at A and B. Hence, we can find all the parts of the 
triangle ADB, Having found DB^ and knowing the angle 
DBC^ we can find the altitude DV, 

This method supposes that the stations A and B are on 
Che same horizontal plane; and therefore can only be used 
when the line AB is nearly horizontal. 

Let us suppose that we have measured the base line, and 
the two angles of elevation, and 

(AB = 075 yards, 
A = 16^ 30', 
DBC^ 27^ 2»'; 
required the altitude DC. 

First: ADB = DBC - A= 27** 29' - 15** 36' = 11*» W. 



la the triangle ADB, to find BD. 

As sin JD 11** 59' ar. •oomp. 

sin A 15° 36' ... 

\ AB 97^ ... . 

DB 1273.« 

In the triangle DBC, to find DO. 

As R ar. comp. 

sin B 27** 29' ... 

; DB 1273.3 

DO 687.^1 



0.686302 
9.429628 
2.989005 
8.1049S0 



0.000000 
9.664168 
3.104930 
2.769098 
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PftOBLKU ni. 
To dtlernUtu the ptrptndieular dittanc* of an oI^kI htlow m 
ffivett koritontal plaitt. 
Suppose f7 to be directly over 
Qie given object, and A the point 
through which the horizontal plane 
is BDppoMd to pass. 

Measure a horizontal base line 
AS, and at the stations A and £ 
conceive the two horizontal lines 
^C,5C, to be drawn. The oblique 

lines from A and _B to the object will be the hypothenusea 
of two right-angled triangles, o( which AC, BC, are tha 
bases. The perpendiculars of these triangles will be the dis- 
tances from the horinontal lines AC, BC, to the object. If 
we turn the triangles alxiut their luses AC, BC, until thef 
become horizontal, the object, in the first case, will M at Q, 
and in the second at 0". 

Ueasnre the horizontal angles CAB, OBA, and also tha 
angles of depression C'AC, C'BC, 
tiet ns suppose that we have 

.AB = 672 yards 

BAG = 72° 29' 

fooDd ABC = 89° 20' 

C'AC ^=21" 49' 

. C"BC = 19" 10' 

Elist: In the triangle ABC, the horizontal angle ACB c 

160" - M + i) = ISO" - III' «' = «8* 11'. 
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To find tlie horizontal distaaM AC. 

At ua C 68° II' ar. cotnp. . 0.032275 

• un £ S9° 20' ... d.801979 

: t AB 672 ... 2.827868 

: AC 4S8.79 , . . 2.661617 

To find tbe borizontal distance BC. 

Aa sin 68" 11' . af. comp. . . 0.032275 

: un A 72° 29' .... ^.979380 

i! .AS 672 2.827369 

: BO 890.28 2.839024 

Id the triangle CAC, to find CC: 

MB . ar. comp. . . 0.000000 

: tAn CAC 27" 49' . . , . 9.722316 

I : AC 468.79 . . i . 2.661617 

r CC 242.06 .... 2.383938 

In the triangle CBC", to find CO" 

A» B .Sir. coup. . . 0.000000 

: tan C"BC 19° 10' . . . . 0.541061 

. ; BO 690.28 .... 2.839024 

: CO" 239.ea ... . . s.ssooss 
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Hence also, CC - (7(7" = 242.06 - 239.93 = 2.13 yards, 
wliich IS the height of the station A above station B. . 

PROBLEMS. 

1. Wanting to know the distance between two inaccessible 
objects, which lie in a direct line from the bottom of a tower 
of 120 feet in height^ the angles of depression are measured, 
and are found to be, of the nearer 57% of the more remote 
26° 80': required the distance between them. 

Ans, 178.656 feet. 

2. In order to find the distance between 
two trees A and B^ which could not be 
directly measured because of a pool which 
occupied the intermediate space, the dis- 
tances of a third point (7 from each of 
them were measured, and also the included 
angle ACB: it was found that 

CB = 672 yards 

CA = 588 yards 

ACB = 55^40'; 

required the distance AB. 

Arts, 592.967 yards. 

3. Being on a horizontal plane, and wanting to ascertain 
the height of a tower, standing on the top of an inaccessible 
hill, there were measured, the angle of elevation of the top 
of the hill 40°, and of the top of the tower 51' ; then mea- 
suring in a direct line 180 feet farther from the hill, the angle 
of elevation of the top of the tower was 33° 45' ; required the 
height of the towet. 




Ans. 88.998 feet 
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Ans. 939.527 jarcb. 



4. Wanting to know the horizon- 
tal distance between two inaccessi- 
ble objects £ and W^ the following 
measurements were made, 

f AB = 636 yards 
BAW=^(f 16' 
viz. ^ WAS = 67** 40' 
ABE = 42® 22' 
EBW= 7P07' 
required the distance EW, 

6. Wanting to know the 
horizontal distance between two 
inaccessible objects A and B^ ''' 
and not finding any station 
from which both of them could 
be seen, two points C and 2), 
were chosen, at a distance from 
each other, equal to 200 yards ; from the former of these points 
A could be seen, and from the latter B^ and at each of the 
points C and D a staff was set up. From C a distance CF 
was measured, not in the direction DC^ equal to 200 yards, 
and from D a distance DE equal to 200 yards, and the follow- 
bg angles taken, 

r AFC = 83^ 00' BDE = 64** 80' 
viz. ^ ACD= 63** 30' BDC - 156* 25' 
^ ACF^ 64° 31' BED = 88** 30' 

Am. AB = 345.467 yards. 




APPLICATIONS 

OF 

GEOMETRY. 

MBN8URATION OP SURFACES. 

DsriNinoirs. 

1 The area of any figure has already been defined to be 
the measure of its surface (Bk. lY. Def. 7). This measure is 
merely the number of squares which the figure contains. 

A square whose side is one inch, one foot, or one yard, 
&c., is called the measuring unit ; and the area or contents of 
a figure is expressed by the number of such squares which 
the figure contains. 

2. In the questicms involving decimals, the decimals are 
generally carried to four places, and then taken to the nearest 
figure. That is, if the fifth decimal figure is 5, or greater 
than 5, the fourth figure is increased by one. 

3. Surveyors, in measuring land, generally use a chain 
called Gunter's chain. This chain is four rods, or 66 feet in 
length, and is divided into 100 links. 

4. An acre is a surface equal in extent to 10 square chains; 
that is, equal to a rectangle of which one side is ten chains 
and the other side one chain. 

One quarter of an acre, is called a rood. 

Since the chain is 4 rods in length, 1 square chain contains 
16 square rods ; and therefore, an acre, winch is 10 square 
chains, contains 160 square rods, and a rood contains 40 
square rods. The square rods are called perches. 



i 
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5. Land is generally computed in acres, roods, and perches 
which are respectively designated by the letters Ay R, P. 

When the linear dimensions of a survey are chains or links 
the area will he expressed in square chains or square links, 
and it is necessary to form a rule for reducing this area tc 
acres, roods, and perches. For this purpose, let us form the 
following 

TABLB. 

1 square chain =100x1 00 =10000 square links. 
1 acre =10 square chains =100000 square links. 

1 acre = 4 roods = 1 60 perches. 
1 square mile =6400 square chains =640 acres. 

6. Now, when the linear dimensions are links, the area 
will be expressed in square links, and may be reduced to 
acres by dividing by 100000, the number of square links in an 
acre : that is, by pointing off five decimal places from the 
right hand. 

If the decimal part be then multiplied by 4, and five places 
oi decimals pointed off from the right hand, the figures to the 
lefl hand will express the roods. 

If the decimal part of this result be now multiplied by 40, 
and five places for decimals pointed off, as before, the figures 
to the left will express the perches. 

If one of the dimensions be in links, and the other in chains, 
the chains may be reduced to links by annexing two ciphers 
or, the multiplication may be made without annexing the ci- 
phers, and the product reduced to acres and decimals* of an 
acre, by pointing off three decimal places at the right hand. 

When bpth dimensions are in chains, the product is re- 
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dttced to acres by dividing by 10, or pointing off one decimal 
place. 

From which we conclude : that, 

I. If links b0 muliiplied by links, the product is reduced to 
acres by pointing off Jive decimal places from the rightlumd. 

II. If chains be multiplied by links, the product is reduced to 
acres by pointing off three decimal places from the right hand. 

III. If chains be multiplied by chains, the product is reduced 
to acres by pointing off one decimal place from the right hand, 

7. Since there are 16.5 feet in a rod, a square rod is equal 
to 16.5 X 16.5=272.25 square feet. 

If the last number be multiplied by 160, we shall have 

272.25 X 160=43560 the square feet in an acre. 

Since there are 9 square feet in a square yard, if the last 
number be divided by 9, we obtain 

4840= the number of square yards in an acre. 

PROBLEM I. 

To find the area of a square, a rectangle, a rhombus, or a 
parallelogram. 

RULE. 

MuU^y the base by the perpendicular height and the product 

toOl be the area (Bk. lY. Th. viii). 

EXAMPLES. 



1. Required the area of the square 
ABCD, each of whose sides is 36 feet 
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We multiply two sides of 
the square together, and the 
product is the area in square 
feet. 



Operation, 
36x36=1296 s^. ft. 



2. How many acres, roods, and perches, in a square whose 
side is 35.25 chains? Ans. 124 A. I R. I P. 

3. Wliat is the area of a square whose side is 8 feet 4 
inches? Ans.e9ft.5^ 4". 

4. What is the contents of a square field whose side is 46 
rods? Ans, 13 A. R, 36 P. 

5. What is the area of a square whose side is 4769 y^idB ? 

Am. 22743361 sq. yds 



6. What is the area of the parallelo- 
gram ABCD, of which the hase AB is 
64 feet, and altitude DE, 36 feet ? 





We multiply the hase 64, 
by the perpendicular height 
36, and the product is the re- 
quired area. 



Operation, 
64x36=2304^. /<, 



7. What is the area of a parallelogram whose base is 12^2.'^ 
yards, and altitude 8.5 ? Ans, 104,125 sq, yds. 

8. What is the area of a parallelogram whose base is 8.75 
chains, and altitude 6 chains ? Ans, b A. 1 A. P. 

9. What is the area of a parallelografti whose base is 7 feet 

9 inches, and altitude 3 feet 6 inches ? 

Ans, 27 sq.ft. V 6' \ 



or GEOMETRY 



215 



Mensuration of Surfaces. 



10. To find the area of a rectangle 
ABCD, of which the base AB=A5 
yards, and the altitude AD=:15 yards. 

Here we simply multiply 
the base by the altitude, and 
the product is the area. 



f c 


t 


A b 



Operation 
45x15=675 sq, yds. 



11. What is the area of a rectangle whose base is 14 feet 
6 inches, and breadth 4 feet 9 inches ? 

Ans. 68 sq.ft. KV 6". 

12. Find the area of a rectangular board whose length is 
112 feet, and breadth 9 inches. Ans, 84 sq, ft. 

13. Required the area of a rhombus whose base is 10.51 
and breadth 4.28 chains. Avks. A A. \ R. 39.7 P+. 

14. Required the area of a rectangle whose base is 13 feet 
6 inches, and altitude 9 feet 3 inches. 

Ans. lib sq.ft. T 6" 

PROBLEM II. 

To find the area of a triangle, when the base and altitude 
are known. 

RULB. 

L Mtdtiphf iks base hy the Mtuie^ and half the preduet wOl 
he the area. 

II. Multiply the base by half the altitude and the product will 
he the area {Bk. IV. Th. ix). 

EXAMPLES. 

1 . Required the area of the triangle 
ABC^ whose base AB is 10,75 foet, 
and altitude 7,25 feet. 

15 
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We first multiply the base 
by the altitude, and then di- 
vide the product by 2. 



Operation. 
10,75X7,25=77,9375 

and 
77,93754-2=38,96875 
=area. 

2. What is the area of a triangle whose base is 18 feet 4 
inches, and altitude 11 feet 10 inches? 

Arts. 108 sq. ft. 5' 8". 

3. What is the area of a triangle whose base is 12.25 
chains, and altitude 8.5 chains? Ans. 5 A. OR. 33 P. 

4. What is the area of a triangle whose base is 20 feet, 
and altitude 10.25 feet. Ans. 102.5 sq. ft. 

5. Find the area of a triangle whose base is 625 and alti- 
tude 520 feet. Ans. 162500 sq. ft. 

6. Find tlie number of square yards in a triangle whose 
base is 40 and altitude 30 feet. Ans. 66 1 sq. yds. 

7. What is the area of a triangle whose base is 72.7 yards, 
ind altitude 36.5 yards ? Ans. 1326,775 sq. yds 

PROBLEM III. 

To find the area of a triangle when the three sides are 
known. 

RULE, 

I. Add the three sides together and take hcdf their sum. 

II. From this half sum take each side separately. 

III. Multiply together the half sum and each of the three 
remainders, and then extract the square root of the product^ 
which will he (he required area. 
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EXAMPLES. 

1. Find the area of a triangle whose sides are 20, 30, aud 

40 rods. 

20 45 45 45 
30 20 30 40 

i£ 25 1st rem, 15 2J rem. 5 3i rem 

2)90 

45 half sum, 

Then, to obtain the product, we have 

45x25x15x5=84375; 
firom which we find 

area= -/84375 =290,4737 perches. 

2. How many square yards of plastering are there in a tri* 
angle, whose sides are 30, 40, and 50 feet ? Ans, 66}. 

3. The sides of a triangular field are 49 chains, 50,25 
chains, and 25.69 : what is its area ? 

Ans. 61 A. 1 R. 39,68 P. 

4. What is the area of an isosceles triangle, whose base is 
20, and each of the equal sides 15 ? Ans. Ill 803. 

5. How many acres are there in a triangle whose three 
«ides are 380, 420 and 765 yards. Ans. 9 A. OR. 38 P. 

6. How many square yards in a triangle whose sides are 
13, 14, and 15 feet. Ans. 9J. 

7 What is the area of an equilateral triangle whose side 
16 25 feet ? Ans. 270.6329 sq. ft. 

e. What is the area of a triangle whose sides are 24, 36, 
ai*d 48 yards? Ans 418,282 sq. yds. 
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feet from the ground on one side of the street, and by turning 
it over to the other side, it will reach a window 50 feet from 
the ground : required the breadth of the street. 

Ans. 77.8875^. 

PBOBLEK TI. 

To find the area of a trapezoid. 

RULE. 

Multiply the sum of the parallel sides by the perpendicular 
distance hetvseen theaij and then divide the product by two : the 
quotient unU be the area (Bk. IV. Th. x). 

EXAMPLES. 



1. Required the area of the trapezoid 
ABCDf having given 





ilJ5=::321.51 feet, Z)C=214.24 feet, and CJ5;= 171.16 feet 

Operation, 



We first find the sum of the 
sides, and then multiply it by 
die perpendicular height, after 
which, we divide the product 
by 2, for the area. 



321.51 4-214.24=535.75= 

sum of parallel sides. 

Then, 

535.75 X 171.16=91698.97 

, 91698.97 
and, — _Ll= 45849.485 

=:the area. 



2. What is the area of a trapezoid, the parallel sides of 
which, are 12.41 and 8.22 chains and the perpendicular dis- 
tance between them 5.15 chains ? 

Ans. 5 A.l R, 9.956 P. 

. 3. Required the jsiea of a trapezoid whose paraJle] sides 
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are 25 feet 6 inches, and 18 feet 9 inches, and the perpen- 
dicular distance between them 10 feet and 5 inches. 

Ans. 230 sq. ft. 5' 7". 

4. Required the area of a trapezoid whose parallel sides 
are 20.5 and 12.25, and the perpendicular distance between 
them 10.75 yards. Ans. 176.03125 sj. yds. 

5. What is the area of a trapezoid whose parallel sides are 
7.50 chains, and 12.25 chains, and the perpendicular height 
15.40 chains ? Ans. 15 A. R, 33.2 P 

PROBLEM Til. 

To find the area of a quadrilateral. 

RULE. 

Measure the four sides of the qu€idrilateral, and also one of the 
diagonals : the quadrilateral toiU thus be divided into two trian^ 
gles, in both of which all the sides wiU be known. Then, find 
the areas of the triangles separately, and their sum will be the 
area of the quadrilateral. 

EXAMPLES. 

1. Suppose that we have meas- 
ured the sides and diagonal AC, of 
the quadrilateral ABCD, and found 

S 
^B=40.05 chains; CfZ)=29.JB7 chains, 
jBC=26.27 chains ilD=37.07 chains, 
and ji C = 55 chains : 

required the area of the quadrilateral. 

Ans. 101 A. I R 16 P 
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R EMARK. — Instead of measuring 
the four sides of the quadrilateral, y^ 

we may let fall the perpendieu- >^ 

Jars Bb, Dg^ on the diagonal AC, ^vT 
The area of the triangles may then ^^ 

be determined by measuring these B 

perpendiculars and diagonal AC. The pendiculars are,!)^-:: 
18.95 chains, and jB6= 17.92 chains. 

2. Required the area of a quadrilateral whose diagonal is 
60.5, and two perpendiculars 24.5, and 30.1 feet. 

Ans, 2197.65 sq.ft, 

,3. What is the area of a quadrilateral whose diagonal is 
lOH fec.t 6 inches, and the perpendiculars 56 feet 3 inches, 
and 60 feet 9 inches ? Ans. 5347 sq.ft. 3\ 

4. How many square yards of paving in a quadrilateral 
whose diagonal is 65 feet, and the two perpendiculars 28, and 
33i feet ? Ans. 222ti ^9- yds. 

5. Required the area of a quadrilateral whose diagonal is 
42 feet, and the two perpendiculars 18, and 16 feet. 

Ans. 714 sq. fi, 

6. What is the area of a quadrilateral in which the diago- 
nal is 320.75 chains, and the two perpendiculars 69.73 chains, 
and 1 30.27 chains ? Ans. 3207 A. 2 R. 

PROBLEM VIII. 

To find tlie area of a regular polygon. 

RULE. 

Multiply half the perimeter of the figure by the perpendicular 
let fall from the centre on one of the sides^ and the product will 
• the area (Bk. IV. Th. xxvi) 



L. 
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EXAiMPLES. 



1 . Required the area of the regular 
pentagon ABiWE, each of whose 
sides ABy BCj &c., is 25 feet, and 
the perpendicular OP, 17.2 feet 




We first multiply one side 
by the number of sides and 
divide the product by 2 : this 
gives half the perimeter which 
we multiply by the perpen- 
dicular for the area. 



Operation, 



25X5 



=62.5= half the perim* 



eter. Then, 

62.5x17.2=1075 sq. yi.=the 
area. 



2. The side of a regidar pentagon is 20 yards, and the per- 
pendicular from the centre on one of the sides 13,76382 ; re- 
quired the area. 

Ans, 688.191 sq, yds. 

3. The side of a regular hexagon is 14, and the perpen- 
dicular from the centre on one of the sides 12.1243556 : re- 
quired the area. 

iln^. 509.2229352 sq.ft. 

4. Required the area of a regular hexagon whose side is 
14.6, and perpendicular from the centre 12.64 feet. 

Arts. 553.632 sq ft. 

5. Required the area of a heptagon who^e side is 19,38 

and perpendicular 20 feet. 

Ans. 1356.6 sq. fi. 

The following table sliows the areas of the ten regular 
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polygons when the side of each is equal to 1 : it also showa 
the length of the radius of the inscribed circle. 



Number of 
sides. 


Names. 


Areas. 


Radius of insciibed 

circle. 


3 


Triangle, 


0.4330127 


0.2886751 


4 


Square, 


1.0000000 


0.5000000 


5 


Pentagon, 


1.7204774 


0.6881910 


6 


Hexagon, 


2.5980762 


0.8660254 


7 


Heptagon, 


3.6339124 


1.0382617 


8 


Octagon, 


4.8284271 


1.2071068 


9 


Nonagon, 


6.1818242 


1.3737387 


10 


Decagon, 


7.6942088 


1.5388418 


11 


Undecagon, 


9.3656404 


1.2028437 


12 


Dodecagon, 


11.1961524 


1.8660254 



Now, since the areas of similar polygons are to each other 
as the squares described on their homologous sides (Bk. IV 
Th. xx), we have 



1 : tabular area : : any side squared : area. 

Hence, to find the area of a regular polygon, we have the 
following 

RULE. 

I Square the side of the polygon. 

n. Multiply the square so found, by the tabular area set oppo- 
site the polygon of the same number of side 9, cmd the product 
wiU be the area. 

EXAMPLES. 

1. What is the area of a regular hexagon whose side is 20? 



;« 



Hence, 



20 =400 and tabular area =2,5980762. 



2.5980762 X400=1039.23048=the area. 
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S. What is the area of a pentagon whose side is 25 ? 

Ans. 1076^98375. 

3. What is the area of a heptagon whose side is 30 foet T 

Ane. 3270.52116. 

4. What is the area of an octagon whose side is 10 feet T 

Ans. 482.84271 sq. ft 

5. The side of a nonagon is 50 : what is its area? 

Ans. 15454.5605 

6. The side of an undecagon is 20 : what is its area ? 

Ans. 3746.25616. 

7. The side of a dodecagon is 40 : what is its area ? 

Ans. 17013.84384. 

PROfiLCM tX. 

To find the area of a long and irregular figure, bounded on 
one side by a straight line. 

RUllC. 

I. Dimde the right Une or bass into any number of equal 
parts^ arid measure the breadth of the figure at the points of di* 
vision^ and also at the extremities of the base. 

II. Add together the intermediate breadths^ and half the sum 
of the extreme ones. 

III. Multiply this sum by the basedine^ and divide the product 
by the number rf equal pans of the base. 

EXAMPLES. 

1. The breadths of an irregu- d__ 

lar figure, at ^vo equidistant ^-.-__6---'T'^| j 

{daces. A, B, C, 2), and E, be- j ^ — ^ — j^ — ^ 

ing 8*20 chains, 7,40 chains* 
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0.20 chains, 10.20 chains, and 8.60 chains, and tho wliok 

length 40 chains : required the area. 

6.20 35.20 
8.60 40 

2)1 3.80 4)1408.00 

8.40 mean of the extremes. 352.00 square chains. 
7.40 
9.20 
10.20 

3.7.20 tho sum. 

Ans. 35 A. 32 JP. 

.2. The length of an irregular piece of land being 21 chains 
and the breadtlis, at six equidistant points, being 4.35 chains 
5.15 chains, 3.55 chains, 4.12 chains, 5.02 chains, and 6.10 
chains : required the area. Ans, 9 A, 2 R, 30 P. 

3. The length of an irregular figure is 84 yards, and the 
brea<ith8 at six equidistant places are 17.4 ; 20.6 ; 14.2 ; 16.5; 
20.1 ] and 24.4 : what is the area ? Ans. 1550.64 sq. yds. 

4. Th«5 length of an irregular field is 39 rods, and its 
breadthe at five equidistant places, are 4.8 ; 5.2 ; 4.1 ; 7.3 , 
and 7.2 rods : what is its area ? Ans. 220.35 sq, rods. 

5. The length of an irregular field is 50 yards, and its 
breadths at seven equidistant points, are 5.5 ; 6.2 ; 7.3 ; 6 ; 
7.5 ; 7 ; and 8.8 yards : what is its area ? 

Ans. 342.916 sq, yds. 

6. The length of an irregular figure being 37.6, and the 
breadths at nine equidistant places, 0; 4.4 ; 6.5 ; 7.6 ; 5.4 ; 8; 
5.2 ; 6.5 ; and 6,1 : what is the area? Ans, 219.255. 

* PROBLEM X. 

To and the circumference of a circle when the diamoter is 
known. 
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RULE 

Multiply the diameter by Z.lAlQy and the product will be the 

circumference. 

EXAMPLES. 

1. Wbat is the circumference of a circle whose diameter 
is 17! 



We simply multiply the 
number 3.1416 by the diam- 
eter, and the product is the 
circumference. 



Operation* 
3.1416x17=53.4072, 
which is the circumference. 



2. What is the circumference of a circle whose diametw is 
40 feet 1 Ans, 125.664 ft. 

3. What is the circumference of a circle whose diameter is 
12 feet ? Ans. 37.6992 ft. 

4. What is the circumference of a circle whose diameter is 
22 yards ? Ans. 69.1152 yds. 

5. What is the circumference of the earth — the mean diam- 
eter being about 7921 miles 1 Ans. 24884.6136 mi. 

PROBLEM XI. 

To find the diameter of a circle when the circumference is 
kdowa 

RULE. 

Divide the circumference by the number 3.1416, and the gu(h 

tient mil be the diameter. 

EXAMPLES. I 

1. The circumference of adbrcleis 69.1152 yards: what 
is the diameter^ 
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We simply divide the cir- 
cumference by 3.1416, and 
the quotient 22 is the diam- 
eter sought. 



Operciiian* 

3.1416)69 1152(22 
62832 



62832 
62832 



2. What is the diameter of a circle whose circumference is 
1 1652.1944 feet ? Ans. 3709. 

3. What is the diameter of a circle whose circumference is 
6850? ^»w. 2180.4176. 

4. What is the diameter of a circle whose circumference is 
60? ^n^. 15.915. 

5. If the circumference of a circle is 25000.8528, what is 
the diameter ? Ans, 7958. 

PROBLEM XII. 

To jffaid the length of a circular arc, when the number of 
degrees which it contains, and the radius o( the circle arc 
known. 

RULE. 

Multiply the number cf degrees by the decimal .01745, and 
the product ansing by the rctdius of the circle. 

EXAMPLES. 

1. What is the length of an arc of 30 degrees, in a circle 
whose radius is 9 feet. 



We merely multiply the 
given decimal by the number 
of degrees, ani by the radius. 



Operation* 
.01745x30x9=4.7115, 
which is the length of the arc 

Remark. — ^When the arc contains degrees and minutes, re- 
duce the minutes to the decimals of a degree, which is dona 
by dividing them hy 60b 
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2. What is the length of an arc containing 12^ KV ox 
I2r9* ihe diameter of the circle being 20 yards ? 

Ans. 2.1231 

3. What is the length of an arc of 10^ 15' or 10}c>^ in « 
circle whose diameter is 68? Ajis, 6,081 3. 

PROBLEM Xin. 

To find the length of the arc of a circle when the choid 
and radius are giren. 

SULE. 

I. Find the chord of half the arc. 

II. From eight times the chord of half the arc, auhtract the 
chord of the whole arc, and divide the remainder hy 3, and the 
quotient mH be the length of the are, nearly, 

EXAMPLES. 

1. The chord AB=30 feet, and the 
radius AC z=z20 feet: what is the 
length o( the arc ADB ? 

First draw CD perpendicular to the 
chord AB : it will bisect the chord at 
P, and the arc of the chord at D. 
Then AP=15 feet. Hence, 

A&^aP=zCP: that is, 

400-225=175 and V 175= 13.228= CP. 

Then CD- CP=20- 13.228= 6.772 =Z>P. 

AD= yiP+PB^z=z 1/^5+45.859984 ; 
^Z)= 16.4578= chord of the half arc. 




Again, 

hence, 
Then, 



20 



1 6.4578x8-30 
3 



=33^874= arc ADB. 
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2 What is the length of an arc the chord of which is 24 
feet, aud the radius of the circle 20 feet ? 

Ans. 25.7309 ft. 

3. The cho^d of an arc is 16 and the diameter of the circle 
20 : what is the length of the arc ? Ans. 18.5178. 

4. The chord of an arc is 50, and the chord of half the 
arc is 27 : what is the length of the arc ? Ans. 55}. 

PROBLEM XiV. 

To find the area of a circle when the diameter and circum- 
lerence are both known. 

RULE. 

Multiply the circumference by half the radius and the produd 
wiU be the area (Bk. IV. Th. xxvii). 

EXAMPLES. 

1. What is the area of a circle whose diameter is 10, and 
circumference 31.416? 

If the diameter be 10, the 



Vperatton. 
31.416 x2i=78.54; 



which is the area. 



radius is 5, and half the ra- 
dius is 2i : hence, the cir- 
cumference multiplied by 2i 
gives the area. 

2. Find the area of a circle whose diameter is 7; and cir« 
•cumference 21.9912 yards. Ans. 38.4846 yds. 

3. IIow many square yards in a circle whose diameter is 
8| feet, and circumference 10.9956. Ans. 1.069016. 

4. What is the area of a circle whose diameter is 100, and 
bucnrnference 314Jfl7 Ans. 78.14 
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d. What is the area of a circle whose diameter is I, and 
circumrercnce 3.1416. Ans, 3.7654. 

6. \Vliat is the area of a circle whose diameter is 40, and 
ciicumfercnce 1 3 1 .9472 ] Ans. 1 3 1 9.472. 

PROBLEU ZY. 

To find the area of a circle when the diameter only it 
known. 

RULS. 

Square the diameter, and then multiply hy the decimal .7854. 

EXAMPLES. 

What is the area of a circle whose diameter is 5 ! 



We square the diameter, 
which gives us 25, and we 
then multiply this number 
and the decimal .7854 to- 
gether. 



Operation. 

.7854 

?= 25 

39270 
15708 



area= 19.6350 



2. What is the area of a circle whose diameter is 7 ? 

Ans. 38.4846. 

3. What is the area of a circle whose diameter is 4,5 ? 

Ans. 15.90435. 

4. What is the number of square yards in a circle whose 
diameter is 1} }^rds ? Ans. 1.069016. 

5- What is tlie area of a circle whose diameter is 8.75 
feet? Ans. 60.1322 sq.ft. 

PROBLEM XVI. 

To find the area of a circle when the circumference only 
is known. 



3SS APPLIGAttONS 

— — r 
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— * — — ~ - ' 

RULE. 

Mubiply the square of the circumference by the decimal .0795? 
and the product voiU he the area very nearly. 

EXAMPLES. 

1. What is the area of a circle whose circumference i 
8J416? 

Operation. 



We first square the cir- 
cumference, and then multi- 
ply by the decmial .07958. 



3.1416*=9,86965056 

,07958 

area=.7854-h 



2. What is the area of a circle whose circumference is 91 \ 

Ane. 659.00198. 

3. Suppose a wheel turns twice in tracking l%\ feet, and 
that it turns jttst 200 times in going round a circular bowling* 
green : what is the area in acres, roods, and perches ? 

Ans. AA.^R. 35.» V. 

4. How many square feet are there in a circle whose cif« 
Gumference is 10.9956 yards ? Ans. 86.5933. 

5. 'How many perches are there in a circle whose circuoi* 
ference is 7 miles ? Ans. 399300.608. 

PROBLEM XVII. 

Having given a circle, to find a square which shall har6 ^^ 
equal area. 

RULE. 

I. The diameter x.^S^2=:side of an eqaival 
'"II. The iircumferenee X*i62i^sideofan€ 
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EXAMPLES. 

1. Tlic diameter AB o( a, circle 
it 400 : what is the value of AC, 
the side of the inscribed square ? 

Here, 

.7071 X 400=282,8400= AC. 



2. The diameter of a circle is 412 feet: what is the side 
of the iiiscribtid square ? Ans, 291.3252 ft, 

3. If the diameter of a circle be 600 what is the side of 
th« inscribed square ? Ans. 424.26. 

4. The circumference of a circle is 312 feet: what \s the 
side of the inscribed square ? Ans. 70.2312 ft. 

5. Tlie circuntference of a circle is 819 yards: what is the 
side of the inscribed square ? Ans, 184.3569 yds. 

6. The circumference of a circle is 715 : what is the side 
of the inscribed square ? Ans. ] 60.9465. 

7. The circumference of a circular walk is 625 : what is 
the side of an inscribed square ? Ans. 140.6875. 

PKOBLEM XIX. 

To find the area of a circular sector. 

RULE. 

T. Find the length of the arc hy Problem XII. 

II. Multiply the arc hy one half the radius^ and the product 
mill be the area. 
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EXAMPLES. 

1. What is the area of the circular 
sector ACBf the arc AB containing 
18", and the radius CA being equal to 
3 feet. ^ 

First, ,01745 x 18 X 3=.94230=length AB. 
Then, ,94230 x 1^= 1.41 345 =:area 

2. What is the area of a sector of a circle in which the ra- 
dius is 20 and the arc one of 22 degrees ? 

Ans, 76.7800. 

3. Bequired the area of a sector whose radius is 25 and 
the arc of 147* 29'. Ans, 804.2448. 

4. Required the area of a semicircle in which the radius is 
13. ^n5. 205.4143. 

5. What is the area of a circular sector when the length of 
the arc is 550 feet and the radius 325 ? 

Ans. 105G25 sq, ft. 

PROBLEM XX. 

To find the area of a segment of a circle. 

RULE. 

I. Find the area of the sector having the same are with th^ 
segment, by the last Problem. 

II. Find the area of the triangle formed by the chord of the 
segment and the two radii through its extremities. 

III. If the segment is greater than the semicircle^ add the two 
areas together; but if it is less, subtract them, and the result m 
mtket case, wiU be the area required. 
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EXAMPLES. 



1. Wliat is tlie area of the seg- 
ment ADB, the chord AB=2A 
feet and CA=i20 feet 



First, CP=^/ca}'-IP 

= -/400--144=16 
Then, 
PD= CD^ CP=20-16=4. 

And, ilD=v^I^+P5*=V'l44+16=12,64911 : 




theni 



,-,„ 12,64911x8-24 „^ ^^^^ 
arc ADBz=z — =25,7309. 



Arc ADB=25,7309 

half radins = 10 

area sectOT A2>5C= 257,3090 
area C^B=192 



^P=12 
CP==16 

area 0^1^=192 



65,309= area of segment ADB 




2. Find the area of the segment 
AFBf knowing the following lines, 
viz: ABz=i20.5; fP= 17.17; AF 
s=20; PG=11.5; and 0^ = 11.64. 



. .^_ FGxS^AF 11.5x8-20 „^ 

Arc AGFzzz = =24 : 

o 3 

and sector AGFBC=24 x 11.64=279.36 : 

but CP=PP-^C=17.17-11.64=5.53 : 

,-. ,^^ ABxCP 20.5x5.53 ,^ ^^, 
Then, aTea^CB= = =56.6825, 
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Then, area of sector AFBC=:279.36 
do. of triangle ABC=z 56.6825 
giTcs area of segment AFB=z336.0i25 

S What is the area of a segment; the radius of tho cb'clB 
being 10 and the chord of the arc 12 yards ? 

Ans. 16.324 sq. yds. 

4. Required the area of the segment of a circle whose 

chord is 16, and the diameter of the circle 20, 

Ans. 44,5903. 

5. What is the area of a segment whose arc is a quadrant, 
the diameter of the circle being 18 ? Ans, 63.6174, 

6. The diameter of a circle is 100, and the chord of the 
segment 60 : what is the area of the segment ? 

Ans. 408, nearly. 

PROBLEM XXI. 

To find the area of an ellipse. 

Multiply the two axes together , and their product by the decimal 
,7854, and the result wiU he the required area. 

EXAMPLES. 

1. Required the area of an ellipse, 
whose transyerse axis AB =70 feet, 
and the conjugate axis DE=z50 feet. 

AB X DEz=ilO X 50=3500 : 

Then, .7854 x 3500 = 2748.9 = area. 

2. Required the atea of an ellipse whose axes are 24 and 
18. Ans. 339,292& 




1 
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3. \^ hat is the area of an ellipse whose axes are 80 a ad 
60 ? Ans. 3769.92. 

4. What is the area of an ellipse whose axes are 50 and 
45 ? Ans. 1767.15. 

PROBLEM XXII. 

To find the area of a circular ring : that is, the area in- 
cluded between the circumferences of two circles, having a 
common centre. 

RULB. 

I. Square the diameter of each rtng, and subtract the square 
of the less from that of the greater. 

II. Multiply the difference of the squares by the decimal 
•7854, and the product wUl he the area. 

EXAMPLES. 



1. In the concentric circles 
having the common centre C, we 
have 

AB=10 yds., and Z)£=6 yards : 
what is the area of the space in- 
cluded between them T 



B-4'=10'=100 

D ^=: ?= 36 

Difference =64 

63 X .7854 =50.2656= area. 




Then, 



2. What is the area of the ring when the diameters of the 
circle axe 20 and 10 ? Ans. 235.62. 
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3. If the diameters are 20 aud 15, what will be the area in- 
duded between the circumferences ? Ans. 137.445. 

4. If the diameters are 16 and 10, what will be the area in* 
eluded between the circumferences 1 Ans. 122.5224. 

5 Two diameters are 21.75 and 9.5 ; required the area of 
the circular ring. Ans. 300.6609. 

6. If the two diameters are 4 and 6, what is the area of the 
ling? Ans. 1 5 JOS 



MENSURATION OF SOLIDS. 



DSriNITIONt. 



The mensuration of solids is divided into two parts. 

Isty The mensuration of the surfaces of solids : and 

2d, The mensuration of their solidities. 

We have already seen that the unit of measure for plane 
surfaces, is a square whose side is the unit of length (Bk. IV 
Dof. 7). 

2. A curve line which is expressed by numbers is also re* 
ferred to an unit of length, and its numerical value is the num- 
ber of times which the line contains the unit 

If then, we suppose the linear unit to be reduced to a 
straight line, and a square constructed on this line, this square 
will be the unit of measure for curved surfaces. 

3. The unit of solidity is a cube, whose edge is the unit in 
which the linear dimensions of the solid are expressed ; and 
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the face of this cube is the superficial unit in which the sur* 
fiace of the solid is estimated (Bk. VI. Th. xiii. Sch). 

4. The following is a table of solid measure. 

1 cubic foot =1728 cubic inches. 

1 cubic yard =27 

1 cubic rod =4492} 

1 ale gallon =282 

1 wine gallon =231 



cubic feet 
cubic feet 
cubic inches. 
cubic inches. 



1 bushel =2150,42 cubic inches. 

PEOBLEM I. 

To find the surface of a right prism. 

RULE. 

Multiply the perimeter of the base by the altitude and ike pnh 
duet wiU be the convex surface : and to this add the area of tie 
haseSf when the entire surface is required (Bk. YI. Th. i).' 

EXAMPLES 



1. Find the entire surface of the 
regular prism whose base is the reg- 
ular polygon ABCDE and altitude 
•AF, when each side of the base is 
20 feet and the altitude AF, 50 feet. 




AB+BC+CD+DE+EA=zlOO\ andilf=50: then 
(AB+BC+ CD+DE+EA) x AF=convex surface 
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vhich becomes, 100x50=5000 square feet; which is the 
oonTez surface. For the area of the end, we have 

A^ X tabular number = area ABCDE, 

&at is, ^O'x tabular number, or 400 X 1.720477 =688 J 906:= 

the area ABCDE. 

Then, convex surface =5000 square feet. 

lower base 688.1908 square feet. 

upper base 688.1908 square feet. 

Entire surface 6376.3816 

2. What is the surface of a cube, the length of each side 
being 20 feet ? Ans, 2400 sq, ft. 

3. Find the entire surface of a triangular prism, whose base 
is an equilateral triangle, having each of its sides equal to 18 
inches, and altitude 20 feet. Ans, 91.949 sq, ft. 

4. What is the convex surface of a regular octagonal prism, 
the side of whose base is 15 and altitude 12 feet? 

Ans. 1440 sq. ft* 

5. \Vliat must be paid for lining a rectangular cistern with 
lead at 2j^. a pound, the thickness of the lead being such as to 
require 725. for each square foot of surface ; the inner dimen- 
sions of the cistern being as follows : viz. the length 3 feet 2 
inches, the breadth 2 feet 8 inches, and the depth 2 feet 6 
inches? Ans. £2 3^ lOfi. 

PKOBLEM II. 

To find the solidity of a prism. 

RULE. 

Multiply the area of the hose hy the perpendicular height, ani 

the product will he the solidity. 
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SZAMPXSB. 



1. What is the solidity of a xeg- 
uLni pentagonal prism whose altitude 
is 20| and each side of the base 15 
feet? 

To find the area of the base we 
have by Problem YIII. page 178. 




15'=225: and 225x1.7204774=387.107415= 

the area of the base : hence, 

387,107415x20=7742.1483=solidity. 

2. What is the solid contents of a cube whose side is 24 
inches ? Ans. 13824 solid in, 

3. How many cubic feet in a block of marble, of which the 
length is 3 feet 2 inches, breadth 2 feet 8 inches, and height 
or thickness 2 feet 6 inches ? Ans. 21} solid ft. 

4. How many gallons of water, ale measure, will a cistern 
contain whose dimensions are the same as in the last ex* 
ample? Ans. 129}^. 

5. Required the solidity of a triangular prism whose alti- 
tude is 10 feet, and the three sides of its triangular base 3, 4, 
and 5 feet. Ans. 60 solid ft. 

6. What is the solidity of a square prism whose height is 
h\ feot, and each side of the base \\ foot ? 

Ans* 9i solid ft. 



I 
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7. What is the solidity of a prism whose base is an equi- 
lateral triangle, each side of which is 4 feet, the height of the 
prism being 10 feet? Atis. 69.282 solid ft, 

8. Wliat is the number of cubic or solid feet in a regular 
pentagonal prism of which the altitude is 15 feet and each 
side of the base 3.75 feet ? Ans. 362.913 

PROBLEM III. 

To find the surface of a regular pyramid, 

RULE. 

Multiply the perimeter of the base by half the slant hfiight^ 
and the product will be the convex surface : to this add the area 
of the base, if the entire surface is required {Bk. VI. Th vi) 



EXAMPLES. 

1. In the regular pentagonal pyramid 
S—ABCDE, the slant height SF is 
equal to 45, and each side of the base 
is 15 feet: required the convex sur- 
face, and also the entire siurface. 

15x5 =75= perimeter of the base, 
75 X22i= 1687.5 square feet = area of 
conyex surface. 



And 15*=225 : then 225 x 1.7204774= 387. 107415= the area 

of the base. 

Hence; convex surface =1687.5 

- areaof the base = 387.107415 

Entire surface =2074.607415 squaie feet 
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2. What is the convex surface of a regular triangular pj^ra- 
mid, the slant height being 20 feet, and each side of the base 
3 feet ? Ans. 90 sq, ft, 

3. What is the entire surface of a regular pyramid whose 
slant height is 15 feet, and the base a regular pentagon, of 
which each side is 25 feet? Ans, 2012.798 sq. ft, 

PROBLEM IT. 

To find the convex surface of the frustum of a regular 
pyramid. 

RULE. 

Multiply half the sum of the perimeters of the two bases by 
the slant height of the frustum, and the product will be the con' 
vex surface (Bk. VI. Th. vii). 

EXAMPLES. 

1. In the frustum of the regular pen- 
tagonal pyramid each side of the lower 
base is 30, and each side of the upper 
base is 20 feet, and the slant height 
fF is equal t^D 15 feet. What is the 
convex surface of the frustum ? 

Ans, 1875 sq, ft. 

2. How many square feet are there in the convex surface 
of the frustum of a square pyramid, whose slant height is 10 
feet, each side of the lower base 3 feet 4 inches, and each 
side of the upper base 2 feet 2 inches ? Ans. 110. 

3. What is the convex surface of the frustum of a heptago* 

nal pyramid whose slant height is 55 feet, each side of the 

tower base 8 feet, and each side of the upper base 4 feet ? 

Ans. 2310 sq. ft 
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PROBLEM v. 



To find the solidity of a pyramid. 



RULE. 



MuUiply the area of the base by the altttwle and divide the pro- 
duei by 3, the quotient wUl be the solidity (Bk. VI. Th. xvii). 



VZAMPLES. 



1 What is the solidity of a pyramid 
the area of whose base is 215 square 
feet and the altitude 50=45 feet? 



215x45=9675: 
9675-f- 3=3225 



First, 
then, 

which is the solidity expressed in solid 
feet. 




2. Required the solidity of a square pyTamid, each side of 
its base being 30 and its altitude 25. Arts. 7500 solid fi, 

3. How many solid yards are there in a triangular pyramid 
whose altitude is 90 feet, and each side of its base 3 yards ? 

Ans. 38.97117. 

4. How many solid feet in a triangular pyramid the altitude 
of which is 14 feet 6 inches, and the three sides of its base 5, 
6 and 7 feet? Ans, 71.0352. 

5. What is the solidity of a regular pentagonal p3rrfimid, its 

altitude being 12 feet, and each side of its base 2 feet ? 

Ans. 27.5276 solid ft. 
21* 
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6 How many solid feet in a regular hexagonal pyramid, 
whose altitude is 6.4 feet, and each side of the base 6 inches ^ 

Ans. 1.38564. 

7. How many solid feet are contained in a hexagonal pyra- 
miJ the height of which is 45 feet, and each side of the base 
10 feet? Ans. 3807.1143. 

8. The spire of a church is an octagonal pyramid, each sido 
of the base being 5 feet 10 inches, and its perpendicular 
height 45 feet. Within is a canty, or hollow part, each side 
of the base being 4 feet 1 1 inches, and its perpendicular 
height 41 feet: how many yards of stone does the spire 
contain? Ans, 32.197353 

PROBLEM YI. 

To find the solidity of the frustum of a pyramid. 

RULB. 

Add together the areas of the two bases of ike frustum and 
a geometrical mean proportional between them ; and then trndtiF 
ply the sum by the altitude, and take one-third the product for 
the solidity. 

EXAMPLES. 



1. What is the solidity of the frus- 
ttim of a pentagonal pyramid the area 
of the lower base being 16 and of the 
upper base 9 square feet, the altitude 
being 7 feet ? 
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First, 16x9=1,44: then, ^ 144 =12, the mean 

Then, area of lower base =16 

area of upper base = 9 

mean of bases =12 

""37 

height 7 

3) 259 



solidity =e6{ sokdft. 

2. What is the number of solid feet in a piece of timber 
whose bases are squares, each side of the lower base being 
15 inches, and each side of the upper base being 6 inches, 
the length being 24 feet ? ^n^. 19.5. 

3. Required the solidity of a regular pentagonal frustumy 
whose altitude is 5 feet, each side of the lower base 18 
inches, and each side of the upper base 6 inches. 

Arts. 9,31925 solid ft. 

4. What is the contents of a regular hexagonal frustum, 
whose height is 6 feet, the side of the greater end 18 inches, 
and of the less end 12 inches ? Ans, 24.681724 cubic ft. 

5. How many cubic feet in a square piece of timber, tho 
areas of the two ends being 504 and 372 inches, and its 
length 3U feet? Ans. 95.447. 

6. Wliat is the solidity of a squared piece of timber, its 
length being 18 feet, each side of the greater base 18 inches, 
and each side of the smaller 12 inches ? 

Ans, 28.5 cubic ft. 

7. What is the solidity of the frustum of a regular hexago- 
aal pyramid, the side of the greater end being 3 feet, that of 
the less 2 feet, and the height 12 feet? 

Ans. 197.453776 sohd ft. 
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MEASURES OF THE THREE ROUND BODIES. 

PROBLEM I 

To Rnd the surface of a cylinder. 



RULE. 

Multiply the circumference of the hose hy the altitude, and the 
product will be the convex surface ; and to this, add the areas of 
the two bases, when the entire surface is required (Bk. VI. Th. ii). 

EXAMPLES. 

1. What is the entire surface of the 
cylinder in which AB, the diameter of 
the base, is 12 feet, and the altitude EF 
30 feet ? 

First, to find the circumference of the 
base, (Prob. X. page 180) : we have 
3.1416 X 12 =37.6992= circumference of 
the base. 

Then, 37.6992 x 30 = 1 1 30.9760 = convex surface. 

Also, 12*= 144: and 1 44 x. 7854 =113. 0976 = area of the 

base. 

Then. convex surface =11 30.9760 

•lower base 113.0976 

upper base 113.0976 

Entire area = 1357.1712 

2. What is the convex surface of a cylinder, the diameter 
of whose base is 20, and the altitude 50 feet ? 

Ans 3141.6 *^./f. 
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8. Required the entire surface of a cyliniler, whose altitude 
ifl 30 feet, and the diameter of the hue 2 feet. 

Am. 131.9473 yi. 

4. What is the convex surface of a cylinder, the diunetet 
of whose base is 30 inches, and altitude 5 feet T 

Am. 5654.88 tq. m. 

5. Required the convex surface of a cylinder, whose slti- 
tode is 14 feet, and the circiunference of the base 8 feet A 
inches. Ans. 116.6666, ibc, j^. fi. 

PROBLEU II. 
To find the solidity of a cylinder. 



Muittplj/ the area of the base by the altitude, and the product 
wiU be the solidity, 

EXAMPLES. 

1. What is the soUdity of a cylinder, 
the diameter of whose base is 40 feet, 
and altitude EF, 25 feett 

First, to find the area of the base, we 
hare (Prob. zv. page 231). 

40^=1600: then, 1600 X. 7854=1356-64. 

=area of the base. 

Then, 1296.64 x25=31416 solid feet, which is the solidity. 

2. What is the solidity of a cylinder, the diameter of whose 
base is 30 feet, and altitude 50 feet \ 

Atu 35343 atbie fi. 
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3. Mfliat is the solidity ol a cylinder whose height is 5 feet, 
and the diameter of the end 2 feet ? Ans. 15.706 soUd/h 

4. What is the solidity of a cylinder whose height is 30 
feot, and the circumference of the base 20 feet ? 

Ans. 636.64 cuHe ft. 

5. The circumference of the base of a cylinder is 20 feet, 
and the altitude 19.318 feet: what is the solidity? 

Ans. 614.93 cubic ft. 

6. What is the solidity of a cylinder whose altitude is 13 
feet, and the diameter of its base 15 feet? 

Ans. 2120.58 cubic ft. 

7. Required the solidity of a cylinder whose altitude is 20 
feet, and the circtunference of whose base is 5 feet 6 inches ? 

Ans. 48.1459 cubic ft. 

8. What is the solidity of a cylinder, the circumference of 
whose base is 38 feet, and altitude 25 feet ? 

Ans. 2872.838 cubic ft. 

9. What is the solidity of a cylinder, the circumference of 
whose base is 40 feet, and altitude 30 feet ? 

10. The diameter of the base of a cylinder is 84 yards, and 
the altitude Zl feet : how many solid or cubic yards does it 
contain ? Ans. 38792.4768. 

PROBLEM III. 

To find the surface of a cone. 

RULE. 

Multiply the circumference of the base by the slant height, and 
divide the product by 2; the quotient will be the convex surfdCit 
to which add the area of the base, lohen the entite surface » 
vitrei (Bk. VI. Th. viii). 
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1. What is tlie conrex suiTace of the 
eotte whoB« vertex is C, the diameter 
AD, of its base being 8^ feet, and the 
tide CA, 50 feet. 



Fiist, 3.1416x8^=26.7036=ciTcumference of base. 

_ 36.7036X50 „, ,^ - 

Then, =667.59= convex surface. 

2. Required the entire surface of a cone whose side is 36 
■nd the diameter of its base 18 feet. 

A)>s. 1272.348 sq.fi. 

3. The diameter of the base is 3 feet, and the slant height 
19 feet : irhat is the convex surface of the cme 7 

Ans. 70.686 sq. ft. 

4. The diameter of the base of a cone is 4,5 feet, and the 
slant height 20 feet : what is the entire surface ! 

Ans. 157.27635 sj./(. 
9. The circnmference of the base of a cone is 10.75, and 
the slant height is 18.25 : what is the entire surface? 

Ans. 107.29021 sq. ft. 

FKOBLEU IT. 

To lind the solidity of a cone. 

MuUipiy tht area of the hase hy the altitude; and divide the prv^ 
d«ct hvZ,the quotient wiabetAe s«lidity (Bk. VI. Th. zviii). 



APPLICATIONS 



I. What is tlie solidity of a cone, the 
tire&of whose baae is 380 square feet, 
and altitude CB, 48 feet ! 







We simpljr multiply the 
ana of the base by the alti- 
tode, and then divide the pio- 
dnct by 3. 


380 

48 

3040 

1520 

3)18240 

aiea=6080 


2. Required the solidity of a cone whose altitude is 27 
feet, and the diameter of the base 10 feet. 

Ans. 706.86 cubic fi. 


3. Required the solidity of a cone whose altitude is 101 
feet! 


, 23.5609 aiiic /t. 


diameter of whose 


8.83575 «4icyi. 


cone is 40 feet, and 




132.1333 soUd ft. 



OF OEOHETRT. 



PROBLEU . T. 
To find the surface of the Crustum of a cone. 

KOLE. 

Aid together the draanferencea of tha two bases; and muliU 
plf tAe sum by haif the simt height of the frustum; the product 
nil be the eonoex surfaee, to which add the areas of the basti- 
ml«n the ejOtre surface is rehired (6k. YI. Th. ix). 



1. WLat is the conrex surface of the 
fmstuin of a cone, of which the slant 
height is 12j feet, and the circumfe- 
rences of the bases 8,4 and 6 feet. 



We merely take the stun 
of the circumferences of the 
bases, and multiply hy half 
the slant height, or side. 



Operation. 



half aide 6.25 

area =90 sq. fi. 

2. What is the entire surface of the frustum of a cone, the 
side being 16 feet, and the radii of the bases 2 and 3 feet 7 

Ans. 293.1688 i^.yj. 

3. What is the convex sraface of the frustum of a cone, 
the circmiiference of the greater base being 30 feet, and of 
die less 10 feet ; the slant height being 20 feet t. 

Ans. 400 sq. ft. 

4. Re<inired the entire surface of the frustum of a cone 
whose slant height is 20 feet, and the diameters of tb 

8 and 4 feet Am. 439.S34 
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A. PPL I CATIONS 



Mensuration of the Round Bodies 




PROBLEM YI. 

To find the solidity of the frustum of a cone. 

RULE. 

I. Add together the areas of the two ends and a geometried 
Wiceoi between them* 

II. Multiply this sum by one-third of the altitude and the 
product unU he the solidity. 

EXAMPLES. 

1. How many cubic feet in the frus- 
tum of a cone whose altitude is 26 feet, 
and the diameters of the bases 22 and 
18 feet! 

First, 2?x.7854=380.134=area of 
lower base : 
and Ts* X .7854=254.47=area of upper base. 

Then, -v/380.i34"x 254.47=31 1.018 =mean. 

26 
Then, (380.134+254,47+311.018) x — —8195.39 which 

o 

is the solidity. 

2. How many cubic feet in a piece of round timber the di- 
ameter of the greater end being 18 inches, and that of the less 
9 inches, and the length 14.25 feet? Ans. 14.68943. 

3. What is the solidity of a frustum, the altitude being 18. 
the diameter of the lower base 8, and of the upper 4 ? 

Ans. 527.7888. 

4. If a cask, which is composed of two equal conic, fnw- 
turns joined together at their larger bases, have its bung ^ 
smetor 38 inches, the head diameter 20 inches, and the ler^h 
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M»ninr«tioii of iha Round Bodi«». 
40 inches, how many gallona of wine will it contain, then 
being 23 1 cubic inches in a gallon ? Ans. 79.0613. 

^ PROBLEM Til. 

To find the euriace of a aphen. 

KULE. 

Multiply the eircumferenee of a great drch hy the diameler, and 
theprodaa wOi be the surface (Bk. VI. Th. xxUi). 



1 . ^liat is the surface of the sphere 
whose cenUe in C, the diameter being 
7 feet? 

Ana. 153.9384 ay. /(. 

2. What is the stirface of a sphere whose diameter is 24 1 

Ans. 1809.5616. 

3. Required the surface of a sphere whose diameter ii 
7921 miles. Ans. 197111034 sq.miUs. 

4. What is the surface of a sphere the circumference of 
whose great circle is 78.54 1 Ans. 1963.5. 

5. What is the surface of a sphere whose diameter is 1) 
feet t Alts. 5.56506 sq. fi. 

PROBLBH Till. 

To find the cooTex surface of a spherical zone. 

RULE. 

Multiply the height (fthe tonv by the eireumfereTiee of a great 
cireU vf the sphere, arid the product will be the convex surfitct 
lBk.yi.Th.xar). 



APPLICATIONS 
mion of the Ronnd Bodit 



1. What 18 the conrex surface of 
die zone ABD, the height BE being 
9 inchea, and the diameter of the 
■phere 42 inches T 

Fint, 42x3.1416=131.9472=circumference. 

height = 9 

antfacQ = 1187.5246 square inches. 

2. The diameter of a sphere is 12\ feel : what wiU be 
the surface of a zone whose altitude is 2 feet ? 

^n*. 78.54 sq. ft. 

3. The diameter of a sphere is 21 inches : what is the sut- 
fiics of a zone whose height is 4; inches ? 

Ans. 296.8812 sq. in. 

4. The diameter of a sphere is 25 feet and the height of 
the zone 4 feet: what is the surface of the zone 1 

Ans. 314.16 sq.ft. 

5. The diametei of a a^dierB is 9, and the height of a zone 
3 feet : what is the surface of the zone ? 

Ans. 84.9233. 

PK0BL£U IX. 

To find the solidity' of a sphere. 



MuUiply the surface by one-third of the radius and the product 
wiUbetie soliditjf (Bk. VI. Th. zxr)- 



OFOEOMBTEY. 2» 

Menturation of th« RoBnd Bodi«». 
EXAMPLES. 

1. What ia ihe solidity of a sphere 
whose diaraeleris 12 feetT 

First, 3.1416x12=37.6992 = 
circumference of sphere. 
diameter = 12 

Burface =452.3904 

ffioe-third radius = 2 

Solidity =904.7806 cubic feet. 

2. The diameter of a. sphere is 7957.8 : wliat is its solidity! 

Aas. 263863122758.4778. 

3. The diameter of a sphere is 24 yards : what is its solid 
contents t Ans. 7238J2464 cubic yds. 

4. The diameter of a sphere is 8 : what is its solidity? 

Ans. 268.0832. 



5. The diameter of a sphere is 16 : what 

Ans. 



is its Mlidity^ 
nj. 2144.6656. ■: 



Cube tke diameter and multiply the number thus found, by the 
dedmai .5236, and the product tuiU be the solidity. 

EXiUFLES. 

1 . What is the solidity of a sphere whose diameter is 20 ? 

Ans. 4188.8. 

2. What is the solidity of a sphere whose diameter ia 6 1 

Ans. 113.0976. 

3. What is the solidity of a sphere whcee diameter is 101 

Ans. 523.6 

aa* 
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Mensuration of the Round Bodiet. 

PROBLEM X. 

To find the solidity of a spherical segment with one base. 

RULE.' 

I. To three times the square of the radius of the hose, add the 
eguare of the height. 

II. Mtdtiply this sum by the height, and- the. product hy the 
decimal .5236, the result will be the solidity of the segmetU. 

EXAMPLES. 

1 . What is the solidity of th^ seg- 
nieiil ABD^ the height BE being 4 
feet, and the diameter AD of the 
base being 14 feet ? 

First, 

7*X3+4*=147+16=163: 

^Rien, 1113x4 X. 5236 =34 1.3872 solid feet, which is the 
solidity of the segment. 

2. What is the solidity of the segment of a sphere whose 
height is 4, and the radius of its base 8 ? Ans, 435.6352. 

3. What is the solidity of a spherical segment, the diam- 
eter of its base being 17.23368, and its height 4.5 ? 

Ans, 572.5566. 

4. What is the solidity of a spherical segment, the diam- 
tttcr ( f the sphere being 8, and the height of the segment 2 
feci ? Ans, 4 1 .888 cubic ft. 

5. W^hat is the solidity of a segment, when the diametei 
of the sphere is 20, and the altitade of the segment 9 feet ? 

Ans. 178L2872 cubic ft. 
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K>imir»tion -of tha SpheioJd. 

07 THK tFHEBOID. 

A spheroid is a solid described by llw rerolutioa of an 
allipse kbout either of its axea. 

If an Bllipae ACBD, be re* 
volrod about the tnuuvcrae or 
tonger axis AB, the aolid de- 
scribed is called a prokUt 
sphtrmd : and if it be rerolved 

about the shorter aiis CD, the solid described is called as 
oitlatt tpheroid. 

The earth ia an oblate spheroid, the axis about which il 
revolves being about 34 miles shorter than the diameter per- 
pendicular to it. 

PRO BLEU XI. 

To find the solidity of an elUpeoid 

KULE. 

Multiply the fixed axis by the sijuan of the revolving axit, 
and the product by the decitnai .5236, t/u result mli bt the r*- 
quired solidity. 

EXAXFLES. 

1. In the prolate spheroid 
ACBD, the tranarerse axis 
AB=i)0, and the revolving 
axis CD=70 feoi: what is 
iho solidity T 

Uem, AB =90 het: cS*=70'=4900; hence 
AflxCB'x.5336=90x4900x.5236=230907.6 cubic feet, 
which ia the solidity. 
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Meneuration of Cylindrical Kin g ■ . 

m 

2. What is the solidity of a prolate spheriod, whose fixed 
udsis 100, and revolving axis 6 ieet ? Ans, 1884.96. 

3. What is the solidity of an oblate spheroid, whose fixed 
axis is 60, and revolving axis 100? Ans. 314160. 

4. What is the solidity of a prolate spheroid, whose axes 
are 40 and 50 ? Ans. 41888. 

5. What is the solidity of an oblate spheroid, whose axes 
are 20 and 10 ? Ans. 2094.4. 

6. What is the solidity of a prolate spheroid, whose axes 
are 55 and 33 ? Ans. 31 361 .022. 

7. What is the solidity of an oblate spheroid, whose axes 
are 85 and 75 ? Ans. 

OP CYLINDRICAL RINGS. 

A cylindrical ring is formed by 
bending a cylinder until the two 
ends meet each other. Thus, if a 
cylinder be bent round until the axis 
takes the position mem, a solid will 
be formed, which is called a cylin- 
drical ring. 

The line AB is called the outer, and cd the inner diameter. 

PROBLEM XII. 

To find the convex surface of a cylindrical ring. 

RULE. 

I. To tlie thickness of the ring add the inner diameter. 

II. Multiply this sum hy the thickness, and the produei iy 
9,8696, the result wiU he the area. 
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Mensuration of Cylindrical Rings. 

EXAMPLES. 

1 . The thickness Ac, of a cylindri- 
cal ring is 3 inches, and the inner 
diameter ed, is 12 inches : what is 
the convex surface ? 

Ae+cd=3 1-12 = 15: 
15 X 3 X 9.8696=444.132 square 
inches = the surface. 

2. The thickness of a cjlindrical ring is 4 inches, and the 
inner diameter 18 inches : what is the convex surface ? 

Ans, 868.52 sq, in. 

3. The thickness of a cylindrical ring is 2 inches, and the 
inner diameter 18 inches : what is the convex surface ? 

Ans. 394.784 sq, in, 

PROBLEM XIII. 

To find the solidity of a cylindrical ring. 

RULE. 

I. To the thickness of a ring add the inner diameter 

II. Multiply this sttm hy the square of half the thickness, and 
the product hy 9.8696, the result xjoill he the required solidity. 

EXAMPLES. 

1. What is the solidity of an anchor ring, whose inner di- 
ameter is 8 inches, and thickness in metal 3 inches ? 

84-3=11: then, 11 x (1)^x9.8696=244.2726, which ex- 
presses the solidity in cubic inches. 

2. The inner diameter of a cylindrical ring is 18 inches^ 
and the thickness 4 inches : what is the solidity of the ring ? 

Ans, 868.5248 aihie inches 
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Meninrstion of Cylindrical Rings. 

3. Required the solidity of a cylindrical ring whose thick- 
ness ia 2 inches, and inner diameter 12 inches ? 

Ans. 138.1744 cubic in. 

4. What is the solidity of a cylindrical ring, whose thick- 
ness is 4 inches, and inner diameter 16 inches? 

Ans. 789.568 cubic m. 

5. What is the solidity of a cylindrical ring, whoee thick- 
ness is 8 inches, and inner diameter 20 inches ? 

Ans. 

6. What is the solidity of a cylindrical ring whose thick 
nesB is 5 inches, and inner diameter 18 inches ? 

Ane. 
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ational (Series of (Standard (acliool-£ook8, 

PUBLISHED BY 

▲. S. BARNES & COHPANT; 

111 Jt lis WILLIAM STBXET, KEJV TOJUC 



•»•- 



Titu SRBiisi embraaes about Three Hundred Yolnmes of Standard Edneational 
.Vorks, eompociag tbe moat ooinplate and uaifornilx merltorioaa ooUeeUon of text 
><>ukB erer pubUabed by a aia^ firm. 

Tnn Bebies is complete, eoreriag every Tariety and grade of aclenee and litemtiire. 
ftrom the Primer vhich gnidea the lisping tongue of the infant, to the abstiuse aud 
difficult '* West Point Course.** 

The Shuks is uni/ormlj ssoellanL Each volame, among bo many, maintains it« 
own standard of merit, and assists, in its place, lo round the perfect vrliolc. 

Ths Sbbiks is ktwufu and pnpuUarly used in fvtrg teetieai Cff the Unit d S^(tf»^ and 
hif twery eliiss of eitUenn, representing all shades of polirlcil opinion and rc:iiriou8 l)i>- 
lief. In proof of this. It U only neeessary to name the foU«iring popalar works, with 
arhich eosry one is familiar, and which fairly represent the whole: 



PARKER & WATSON'S Readers. &c. 
DA VIES* Course of Mathematics- 
WILLARD'S Course of History. 
PECK*S GANOT'S Natural Philosophy. 
STEELE'S 14 Weeks In each Science. 
JAR VIS* Physiology and Health. 
WOOO*S Text-Books in Botany. 
SMITH'S Orthography and Etymology. 
BOYD'S Course in English Literature. 



MONTEITH'S & McNALLY'S Ceog*s. 
CLARK'S Diagram En^ish Grammar. 
*' P., D., it S.'s" System of Penmanship 
ANDREWS & STODDARD'S Latin. 
CROSBY*8 Greek Series. 
WORMAN*S German Seriei. 
PUJOL'S French Cfass-Book. 
ROOT'S <GEO F.>Sch. Music-Bookt. 
MANSFIELD'S Political Manual. 



THE SCHOOL-TEACHER'S LIBRARY, Twenty-five Volumes. 



Who would know more of this unrivaled Series should consult for detaiff, 

1. THE DESCRIPTIVE CATALOGUE— tree to Teachers; others, 5 cent* 
9, THE ILLUSTRATED EDUCATIONAL BULLETIN" ranodietl 

organ of the Publishers. Full of instruction for Teachers. Sobscrlptionf 20 
cents. Sample free. 

TERMS OF EKAMIRATIf Ha — We propose to snpply any tearhcr wbe derires lo 
examine text-books, teith a view to introduciiony i/apprtmed^ with sample copies, on 
receipt of OMic>iiAxr tlieprfce annexed (in Catalogue), and the Ijooks will be sent by 
ii»afl or express without expense to the parchaser. Books aaarked thus (*) are ez« 
cepted from this offer. 

TERMS OF IHTRODOCTIOH.— The Publishers are prepared to mnkc sp'eclal and 
cjr fxToraUe terms for fint introdueHon of any of the K ational Sxuibs, and wiU 

miUh the redueed Htkodtu^try pries-Hat to teadien whose appHeatlon presenU evi 

IcucB of good faith. 
TRJiCURBS desiring to arafl themselres of any of ibeprMleges ef the preifBaetony U 

aot known to the Publishers, should mention the name of one or more of their TroS' 

tees or Patrons, as pledge of good faith. 

JPor further information^ <idd^eM the I^ibUsher** 



SIU J^}Bih'Qnmi Series of Standard S^hoolSaoki. 

ORTHOGRAPHY AND READING. 



^ ^ » 



NATIONAL SEMES 



or 



READERS AND SPELLERS, 

BY PAEKER & WATSOK 



The National Primer $ ar 

National First Reader 38 

National Second Reader 63 

National Third Reader 96 

National Fourth Reader i 50 

National Fifth Reader . i 88 

National Elementary Speller 25 

National Pronouncing Speller ^ 45 

Independent Third Reader 

Independent Fourth Reader 95 

Independent Fifth Reader i 50 

The lalleBt features of these works which have oomhlned to ^render them so popnlsr 
taay be briefly recapilutatted as foUows-; 

1. THE WOSi) BUIXiDIHO STSIEM.— This fsBOKms pr««mHive mellrad for 
young children originated and was copyrighted with these books. It constitutes » 
l^rocess by which the beginner with word% of one letter is gradually introduced to 
Additional lists forjaed by prefixing or affixing single letters, and is thus led almost 
insensibly to the mastery of the more difficult oonstructions. This is Justly regarded 
«s one of the most striking modem improreinents in methods of teaching. ' 

S. TAEATKEHT OF PBOKUNOUTION.-The wants ortheyouDgest scholar 
In this dspartaent are not oTorlooksd. It may be salt that from the first lesson ttit 
student by this method need nerer be at « loss fit a prompt and aoenrate ranjop» 
faff of erety word encountered. 

3. ASTIODXATIOV A93) ORTHOEPY «» veoognla^ as of priutf- . 

t 



{ 



3nte Mtiionai Series of SianAard Sch^iSaoti. 



ORTHOGRAPHY AND READINQ-Continutd. 

4. fUVOTtlATIOV to inouleated braaertwof ittterestlng rending letaoiM. th« 
rimplu perusal of whioh ittfllGea to fix its principle! indelibly upon the mind. 

6. EL9CUTI0H. Each of the higher Re«dera(8d, 4th and 0th) contains elaboratat 
tcholarly, and thoroughly practical treatises on elocution. This feature alone has 
^ teeured for the series nany of its traraiest friends. 

6. TSS SULEOTIONS are the erowning glory of the series. Wtthont ezoeption 
tt may he said that no volumea of the same siae and character contain a ooUectlon so 
diversified, judicious, and artistic as this. It embraces the choicest gems of EngUah 
literature, so arranged as to afford the reader ample exertise in every department of 
style 8o aooeptable has the taste of the authors in this department proved, not only 
to the educational publio but to the reading eommunity at large, that thousands of 
eopies of the Fourth and Fifth Readers have found their way into pubHe and private 
libraries throughout the country, where they are in oensUnt use as manuals of liter- 
aturc, for reference as well as perusal. 

t. ABB1N0E1IBHT. The exercises are to arranged as to pretenl eonatantly si- 
teniating practice in the dlflferent styles of composition, while observing a definit* 
plan of progression or gradation throughout the whole. In the higher books the ar- 
ticles arc placed la formal sections and classified topically, thus concentrating the !■• 
terest and ineulsaUng a prindple of assodaUon Ukely to prove valuable in subsequoit 
general reading. 

8. UOTES AND BIO&RAPHICAL BKETOHEB, These are fhll and adequate 
to evciy want. The biographleal sketches present in pleasing style the history of 
every author laid under contributioik 

0. ILLUSTEATIONS. These are plentlAil, almost profuse, and of the hi^hert 
diaractcr of art They •»• '««»* *« •▼wy volume of the serias as fhr a« and hicluding 
the Third Header. 

10. THE GEADATIOH is perfect Each volume overlaps its eompanion pro. 
ceding or following in the series, so that the scholar, m passing from one te anotheffi 
Is barely conscious, save by the presence of the new book, of the transition* 

11. THE PBTOE I« reasonable. The books were not trimmed to the minimum 
of size in order that the publishers might be able to denominate them "the cheapest 
in the market," but were made larg^ enotufk to cover and suffice for the grade indl- 
eated by the respective numbers. Thus the child la not eompeUed to go over his First 
Reader twice, or be drlvon into the Second befbre he is prepared for it The compe- 
ient teachers who oompOed the series made each volume Just what it should be, leav^ 
Ing it for their brethren who should use the books to decide what constitutes true 
eheapne98, A glance over the books will satisfy any one that the same amount of 
matter is nowhetv; ftimlrtied at a price more reasonable. Besides which another eon- 
tf deraUoa enters inte the qnestlen of relative eoonomy, namdy, «he 

12 BIHDIHO. By the use of a material and process known only to themselves, 
in common with all the pnbllcationB of this house, the National Readers lUre ^««^ 
to out-last any with which they may be oomparei-tU ratio of rdattve durability be- 
lag la their Csver M two to one. 
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Parker & Watson's National Series of Eeadera 

TBBTIMONI AIjS. 

Fjn/m noK. T A. Paubr, SU%U Supt of Pitbtie fmdrueHon^ ^ttumwtt 

Bt aatboritj of law It beoomea mj duty to recommend a list of Text-books for qw 
In the Pablic Scliools of MlBSOurL I deem it necessary to approre a list of books 
ifltteh will secure to the youth of the State a uniform^ ctCeapy otid practical con rse of 
study, and after caruful examination have selected the f'>Ilowtii(?: Thk Natiomm 
Hbadfbs and Spkllkbs, Monteith de Meyally'tt Oeographies, Peck' a Oatiol 9 \afuiai 
rkiloaophVt JwncM Phystologif ana Health, Ac., Aa. 

From Bam^i P Batkb LL.D., Aa^. Supt. PiMie Schools of Pennayloania. 

\ find that your sones of Park<!r ft Watson's National Readers are g'>itig into use iv 
all rar leading Normal Schooltk They are unquestionably ahead of any tiling yet puh 
Ushed. 

Fmm A. J. Hails, /Mil Hebrew ^uoattimal hietitute^ Memphie^ TennesHe*. 

1 take great pleasure in bearing testimony to the superior merlu of Parker & Wat- 
Ma** Series of ** National Reauers.^ 

#roin pRor. F. S. Jkwxll, e/ the Neto York State Normal School. 

It gires me pleasure to find in the National Series of School- Readers ample room 
for eonniiendation From a brief examination. I Hm led to btliere that we have none 
equal to them. I hope they will prove as popular as they are exrellent. 

From, H06EB T. Bbown, SuperitUetuient Public SchooU, Toledo^ Oldo. 

The different SuHes of other authors were critictilly examined by our Board 0/ 
Kducation and myself, and the dtMrision was onanimons in favor of the Natiou-d 
Series. Our teachers are dell{rht4.d with the books, and none more so thui our pri* 
mary teachers. 1 cotixider the Seriee better cudapted to our graded school syatem than 
Bnif other note be/ore the pubUe. 

From Wm. B. Amm, Superintendent of SehooU, Morris, ConnectieuL 

They are well adapted to all degrees of scholarahip— one lesson prepares the mind 
of the pupil for the next in conKeciitive order, from book to book — till the highest or> 
dar of English composition is attained In the Fifth Reader. 

From JoHif S. Habt, /Vin. N. J. State Normal SnhooL 

I approve of Parker 4 Watson's Readers highly. The selections are judidous, tha 
arrangemeut good, and the books well made meclianically. We have adopted the 3d, 
4th, and 6th of the Series (n this schooL 

From R. P. Deckabd, President Swing College, La Orange, Tesxis, 

I think the National Series of Readers the best I have seen. 

JBatraets from Report made to the Calif omia SteUe Teachers' AseodaHon, 

The Committee, in presenting to this Convention the Series of Readers by Parker 
ft Watson, would state that, regarded as a whole, we would give our unqualified aap 
port to them in preference to all others. 

From B. J. Youmo, Superintendent SdutoU, Sheibyville, JlUnota. 

The National Readers have been selected for nse in the public achools of this fAtft 
and are giving very excellent satisfaction. During ten years* experience in teaahtnfc 
1 hare found 00 books so well adapted to secure rapid and thorough prograasi 

From the WiumiieTOR (N. C.) Daily Hkkai.ik 

The MatSonal Series has attained probably a higher reputation fiiasi aof other eoa 
plete series of School-Books in existence. 



For further testimony of a similar charaoter, lee spedal drcolar, or eum 
Bsmbers of the Educational Bulletin 



J^ationai Se7*ies of StandaM Schoot-IBookt* 



The National Readers and Spellers, 



THSIB BBCOBD. 

These booki hare be«n adopted by the School Boards, or official anthorltf, i tN 
Mowing important States, cities, and toirn»— in most cases for exclnsiTe uask 

The State of Minnesota. 



The State of MiBsouri. 



New York. 
Hew York City. 
Brooklyn. 
BnflUo. 
Albany. 
Rochester 
Troy. 
6yracnse. 
Eamira. 
Ae., Ac 

Pennsylvania. 

Reading. 
Lancaster. 
Srie. 
Bcranton. 
Carlisle. . 
Carbondale. 
Headville. 
Schuylkill naren. 
Willlamsport 
Norristown. 
Bellefonte. 
Altoona. 
dec, Aec 

New Jersey. 

Newark. 
Jersey City. 
Paterson. 
Trenton. 
Camden. 
Elizabeth. 
New Brunswick. 
Phillipsburg. 
(^nge. 
Ac* fte. 

Delaware. 

Wilmington. 

D. C. 

WasbingtoB. 



Illinois. 
Chicago. 
Peoria. 
Alton. 
Springfleki. 
Aurora. 
Galesburg. 
Rockford. 
Rock Island. 

dec., &C. 

Wisconsin. 
Mihrankee. 
Fond du Lac 
Oshkosh. 
Janesvillc 
Racine 
Watertown. 
Sheboygan. 
La Crosse. 
Waukesha. 
Kenosha. 
Ac, dec 

Michigan. 
Grand Rapid& 
Kalamazoo. 
Adrian. 
Jackson. 
Monroe. 
Lansing. 
Ac, Jbc 

Ohio. 

Toledo. 

Sandndcy. 

Conneaat. 

Chardon. 

Hudson. 

Canton. 

Salem. 

Ac, dEC 



Indian*. 

New Albany. 
Fort Wayne. 
I^favettc 
Madison. 
Logansport. 
«kc, Ac 

Iowa. 

Davenport. 
Burlin^on. 
Muscatine 
Mount Pleasant 
Ac 

California. 
Sacraroentc 
MarysviUc 
Ac 

Oregon. 

Portland. 
Salem. 
Ac 

* VireiniA. 
RSdimond. 
Norfolk. 
Petersburg. 
Lynchburg. 

Ac 

* Carolina. 
Wilmington. 
Charleston. 

* Georgia. 
Samniiah. 

*Iiouisiana» 
New Orleans. 

* Tennessee, 
Hempbia 



• With the organizatlofl and progress of eommon-wbool systems at the Spnth, Odl 
■st wiU, of course, be greatly inereased. These points are, at present, almost th« eol} 
TSoying thTadylntagi of public schools. The National Readers are nsed in 
auml-er of the best prinite schools and academies throughout the Sooth. 



Tin ATiieaMMMil BHOeNa records periodically all n«w points gained. 



TSke JVHlioHoi Series of Standard Schooi-SooJbtm 

SCHOOL-ROOM CARDS, 

To Aoeompaay tlw National Beaden. 
Eureka Alphabet Tablet *i so 

PraMnta the alpluibet upon the Word Method S/stem, by whleh th« 
ehtld wiU learn the alphabet In nine dayi^ and aiake no mall pregr eu fai 
reading and apeUing In the same time. 

National School Tablets, lo Nqb. *7 50 

E'libraee read! ig and oonTeraationai exerdnea, object and moral les- 
aona, form, color, Ac A complete set of thoKe lafge and degantljr illue- 
trated Cards will erabelUah the nhool-room more than any other article 
of furniture. 



«« 



READING. 

^ ^ » 

Fowle's Bible Reader $100 

The narrative portions of the Bible^ chronologicdly and topically ar- 
ranged. Judiciously combined with selections from the Psalms, ProTerbs, 
and otlier portions which inculcate important moral lessons or the great 
truths of Christianity. The embarrassment and difficulty of reading the 
IH rie itself by eourso, as a class exercise, are obviaied, and its ase made 
feasible, by tills means. 

North Carolina First Reader 40 

North Carolina Second Reader 65 

North Carolina Third Reader 1 00 

Prepared expressly for the schools of (Ms State, byC. H. l^ey, Super- 
intendeiitor Common Schools, and F. M. Hubbard, Professor of Litera- 
ature In the State UniTerslty. 

Parker's Rhetorical Reader 1 00 

Designed to familiarize Readers with the pauses and «ther marks In 
gnrieral use, and lead tliem to the practice of modulation and inflection of 
the voice. 

Introductory Lessons in Reading and Elo- 
cution 75 

Of idmilnr character to the foregoing, for less advanced elassea. 

High School Literature l 50 

Admirable selections f^om a long list of the world*e best writers, for esc- 
eretse in reading, oratory, and coi^position. Speeehea, dialogues, and 
model letters represent the latter department. 
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ne J^aHbnai Serfes of Standard SchootSook$. 

ORT HOGRAP HY. 

SMITH'S SERIES 

tappUei A apeller ibr vmtf dan In graded aehooli, and eompriaea fha mort eoa* 
plete and ezoeUeiil traatiat on Sni^iah Orthogn^hj and ita anmjanVwi 
orandMa ertant. 

1. Smith's Little Speller ... 4 20 

F!rat Roaod in tha Ladder «f Laandng. 

2. Smith's Juvenile Deflner > • . . 46 

Leaaona oompoaed of familiar vorda groaped «lth rBfaranea ta sUnllnr 
aignifieation or oae, and correctly apelled, aooanted, and defined. 

3. Smith's firammar-School Speller . • . • so 

Familiar wonla, grooped with rt ferenoe to the eameneaa of a-^nd of ajl- 
lablea differenilj spelled. Also dednitfona, complete mlea for apelling and 
formation of dvH^nUiTea, and ezereiaea in fklaa orthography. 

4. Smith's Speller and Deflner's Manual • ^ 

A complete School Dicdomtry eontidning 14,ono worda, with Tarlona 
other useful matter in the way of Rulea and Ezerdsea. 

5- Smith's Hand-Book of Etymology • • i 25 

The fimt and only Btymol(^ to recognise the Anglo-SitsMn onr motJbr 
tongus ; cmitnlning alao full lists of derivatlTea from die Latin, Greek, 
Gaelic, Swedish, Norman, Jte., Ac ; belug, in fact| a complete etymology 
of the language for schools. 

Sherwood's Writing Speller ^6 

Sherwood's Speller and Definer i^ 

Sherwood's Speller and Pronouncer ... 16 

Tlie Writing Speller eonalBta of properly ruled and numbered blanlta 
to receive the words dictated by the teacher, with apace for remarka and 
eorrectiona The other volumea may be used for the dictation or ordinary 
class exerdaea. 

Price's English Speller *16 

A complete speUlng.book for all grades, containing more matter than 
** Webster,** manufactured in auperlor atyle, and aold at a lower prion— 
consequently the cheapest speller extant 

Northend's Dictation Exercises ^ 

Embradng valuable information on a thousand topics, eommnnieatad 
In Bucb a manner a» at once to rellere the exerdse ef apelling of ita asnal 
tedium, and combine it with instruction of a general character calculated 
to profit and amuse. 

Wright's Analytical Orthography .... 25 

"nils standard work is popular, because it teaches the elementary aonndn 
in a plain and philoaophical manner, and nreaenta orthagraphy and or- 
thoepy in an easy, uniform syatem of analyna or parsing. 

Fowle's False Orthography tb 

Exercises for correction. 

Page's Normal Chart 'S 75 

The aleflMotary auunda of tha language for tha lafaocl'room walla. 

s 



TMe JVahonal Series &/ Siandnra Schooi^lfooJtt* 

ENG LISH GRAM MAR 

CLARK'S DI AgRAM S YSTEM, 

Clark's First Lessons in Grammar ... 45 

Clark's English Grammar i oo 

Clark's Key to English Grammar .... 7$ 
Clark's Analysis of the English Language • 60 
Clark's Grammatical Chart ^3 75 

The theory and practiee of teaching grammar in American aehoola i> 
meeting with a thorough reTolutioii from the use of this Bystem. While 
the old methods oflfer profloiency to the pupil only after much wearr 
plodding and dull memorising, this affords from the inception the ad- 
yantage of praetieal ObjeH T&aehing^ addresdng the eye by means of U- 
lostratire igures ; furnishes association to the memory, its most power- 
ful aid. and diverts the pupil bj taxing his ingenuity. Teachers who are 
uring Clark's Grammar uniformly testify that they and their pupils find 
it the most interesting study of the school course. 

Like all great and radical improvements, the system nativally met at 
first with much unreasonable opposition, it has not only outlived the 
greater part of this opposition, but finds many of its warmest admirers 
among those whe could not at first tolerate so radical an innovation. All 
it wants is an impartial trial, to convince the most skeptical of its merit. 
Vo one who has fairly and intelligently tested it ia the school-room baa 
ever been known to go back to the old method. A great success is al> 
ready established, and it is easy to prophecy that the day is not fn Ui^ 
tant when it will be the only system q^ Uaehing English Orammar. As 
the Stbtem is copyrighted, no other text-books can appropriate ttds ob> 
^us and great improvement. 

Welch's Analysis or the English Sentence • i 00 

Bemarkable for its new and simple classification, its method of treat- 
ing connectires, its explanations of Uie idioms mid constracttve lawa of 
the language, Ac. 



ETYMOLOGY. 



Smith's Complete Etymology, i 25 

Containing the Anglo-Saxon, French, Dutch, German, Welsh, Panlsb, 
Gothic, Swedish, Gaelic, Italian, Latin, and Greek Roots, and the EngUsh 
words derived Uiarefrom aoenrately spelled, accented, and defined. 

The Topical Lexicon, l 75 

This work Is a School Dictionary, an Etymology, a oompDatlon of syn- 
onyms, and a manual of general information. It diffen from the ordinary 
lexicon in being arranged by topics instead of the letters of the alphabet, 
thus realising the apparent paradox Of a ** Beadable Dictionary.** Ao 
iMiWiially valuable school-book. 
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Jfaiionat Sef^ies of Slandat^ Sehooi'Sookt. 

Clark's Diagram English Grammar. 

TUSTIMONIAIiS. 
Vrvm J. ▲. T. Durnin, Principal Dubuqus R, C. Aeademffj Iowa. 

In mj opinion, it is well calculated by Its system of analysis to develop those rational 
fkeulties which in the eld systems were rather left to develop themselves, while the 
memory was overtaxed, and the pupils discouraged. 

From B. A. Cox, School Ci>mm<Mum«r, Warren County^ Ittinoia. 

I have examined ISO teachers in the last year, and those having studied oi taught 
2llark*B System have universally stood fifty per cent better examinations thau thost 
•aving studied other authors. 

From M. H. B. Bukuet, Principal Masonic Tn^itiUet Oeorgetotm^ Tennewet. 

I traveled two years amusing myself in instructing (exclusively) Grammar classes 
vitti Clarlc's system. The first class I instructed fifty dava, but found that this was 
more kime tiian was required to impart a theoretical knowledge of the scienoe. 
During the two years thereafter I Instructed classes only thirty days each. Invariably 
I proposed that unless 1 prepared my classes for a more thorough, m.nute, and aocu< 
rate knowledge of English Oramniar than that obtained from the ordinary books and 
ta the ordinary way in ft'om one to two years, 1 would make no charge. I never 
failed In a solitary ease to far exceed the hopes of my classes, and m*de money Kod 
eharaeter rapidly as an instructsr. 

From A. R Douolabs, School Commiarionert Delaware County^ New York. 

I have never known a class pursue the study of it under a live teacher, that has aot 
SQoeeeded : I have never known it to have an opponent in an educated teacher who 
had thoroitghly investigated it; I bare never known an ignorant teacher to examine 
It ; I have never known a teacher who lias used it, to try any other. 

From J. A. Dodoie, Teacher and Lecturer on Bngliah Orammar^ Kentucky. 
We are tempted to assert that it foretells the dawn of a brighter age to our mother 
Umgne. Both pupil and teacher can fare sumptuously upon its contents, however 
highly they may have prized tlie manuals into which they may have been initiated, 
and by which their expressions have been moulded. 

From W. T. Cuapman, Superintendent PubUc Schools, Wellington, Ohio. 
I regard Clark's System of Grammar the best published. For teaching the analyst! 
•f the English Language, it surpasses any I ever used. 

From F. S. Lton, Principal South Norwalk Union School, ConneetieuL 
Daring ten years* experience in teaching, I have used six different authors on the 
subject of English Grammar. I am fully convinced that Clark* s Grammar is better 
calculated to make thorough grammarians than any other that I have seen. 

I From CATALOdiTK or R(»ubrb's Commkbcial Collkok, St. Louia, Mistowri, 
We do not hesitate to assert, without fear of suceessful contradiction, that a better 

knowledge of the English language can be obtained by this system in six weeks than 

by the old methods in as many months. 

From A. Piokett, President of the State Teachers* Association, Wisconsin, 
A thorough experiment in the use of many approved authors upon the subject of 
English Grammar has convinced me of the superiority of Clark. When the pupU has 
eompleted the course, he is left upon a foundation of principle, and not upon the die* 
turn of the author. 

From Gn>. F. MoFakland, Prin. AfcAlUsterviUe Academy, Juniata Co., Penn. 

At the first examination of public-school teachers by the county superintendent, 
when one of our student teachers commenced analyzing a sentence according to Clark, 
the superintendent listened in mute astonlshmeut until he had finished, then asked 
what that meant, and finally, with a very knowing look, said such work wouldn't do 
here, and asked t^e applicant to parse the sentence right, and gave the lowest certifi- 
cates to all who barely mentioned Clark. Afterwards, I presented him with a copy, 
aad the next fall he permitted it to be partially used, while the third or last fall, he 
qienly commended the system, and appointed three of my best teachers to explain H 
•ft the two Institutes and one County Convention held since September. 

For further tuKttmcmj of equal fcrrt% soe the Publlsheia* Spedal GIrraiar, or 
nvDiMra of tlifi Educational Bulletin. 
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fJbe MMofioi Series of Siandetrd Sckooi-SooJbe. 



GEOGRAPHY. 



THE 

NATIONAL GEOGRAPHICAL SYSTEM. 



I. Honteith's First Lessons in Geography, $ 35 

II. Honteith's Introduction to the lianual, • 63 
HI. Honteith's New Manual of Geography, • i oo 

IV. Honteith's Physical & Intermediate Geog. i 70 

V. HcNally's System of Geography, ... i 88 



Honteith's Wall Haps (per set) . . . ^20 oo 

1. FSAOnOAL OBJECT TEAOHIH(}. The infknt wchoUx te first Introdaded 
^mpiebiTB whence he may derive notions of the shape of the earth, the phenomena 
«f day and night, the distrihotion of land and water, and the great natural diviaiona, 
vhieh mere words woald fail entirely to eonvey to the nntatored mind. Other {de- 
tares follow on the nine plan, and the child*s mind is called upon to gtasp no idea 
without the aid of a pi^orial lUastration. Carried on to the higher Ikk^m, this system 
culminates in No. 4, where sueh matters as climates, ocean currents, the winds, peen> 
ttarities of the earth^s erust, clouds and rain, are pictorially explained and rendered 
^parent to the most ohtasei The lUustrationa osed for this puipose belong to the 
U^MSt grade of art. 

8. OLEAB, BEAUTIFUL, AHD OOBBEOT HAF8. In the lower nnmbera 
the maps avoid unnecessary detail, while respectively progressive, and affording the 
yapH new matter for aoquisition eaeh time he approaches in the constantly enlarging 
drele the point of coincidence with previous lessons in the more elementary books. 
In No. 4, the maps embrace many new and striking featurea One of the most 
effective of these is the new plan for displasring on each map the relative sixes of 
countries not represented, thus obviating much confusion which has arisen from the 
lieeessity of presenting maps in the same atlas drawn on different scalea The maps 
cf No. 5 have long been celebrated for their superior beauty and completeness. This 
is the only sohooi-book in which the attempt to make a complete atlas aleo clear and 
iUUnet, has been sacoessfuL The map coloring throughout the series is also notice- 
able. DeUeate and subdued tints take the place of the startling glare of inharmonloue 
colors which too frequently in such treatises dazzle the eyes, distract the attentioa, 
end serve to overwhelm the names of towns and the natural featurcftof UiC laiHlscapCb 
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2%€ ^'ationa^ Series of Siandard Sehooi^Saokf. 



QEOGRAPHY-Continuad* 

3. THE VABIETT OF XAF EXEB0I8I!. StartiDg each time fh)m a different 
ba^ the pupil in many instances approaches the same fact no less than 9isi UmBa^ 

' thus indelibly impressing it npon his memory. At the same time this system is not 
iHoved to become wearisome^'the extent of exercise on each saliJeet l>eing gradoated 
by its relative importance or difBcnlty of aoqnislllon. 

4. THE OHAEAOTEB AHD ASBAKGEHEHT OF THE DESCBIFTIYE 
TEXT. The cream of the science has been carefully culled, unimportant matter re- 
jected, elaboration avoided, and a brief and concise manner of presentation cuUirated. 
The orderly conrideration of topics has contributed greatly to simplicity. Due atten- 
ttim Is paid to the facts in history and astronomy which are Inseparably connected 
Vith, and important to the proper understanding of ge(^;raphy — and such only are 
admitted on any terms. In a word, the National System teaches geography as a 
Miflnee, pure, simple, and ezhanstiye. 

6. ALWAYS UF TO THE TIMES. The anthora of wese books, editoriaUy 
qpeakiog, never sleep. No change occurs in the boundaries of countries, or of conn- 
lies, no new discovery is made, or railroad built, that is not at once noted and re- 
corded, and the next edition of each volume carries to every sdxool-room the new or- 
der of things. 

6. SUFEBIOB ORADATIOH. This is the only series which fhmishes an avaU- 
able volume for every possible class in graded schools. It is not contemplated that a 
pnpn must necessarily go through every volume in succession to attain proficiency. 
On the contrary, two will suffice, but three are advised ; and if the course will admits 
the whole series should be pursued. At all events, the books are at hand for selection, 
and every teacher, of every grade, can find among them one eatxetly suited to his class. 
The best combination for those who wish to abridge the course consists of Nos. 1, 8, 
and S, or where children are somewhat advanced in other studies when they com- 
BMnee geography, No& 2, 3, and Q. Where but two books are admissible, Nos. 2 and 
4, or Nofl. S and 6^ are recommended. 

7. FOBX OF THE VOLUMES AHD MEOHAHIOAL EXEOUTIOIT. The 
Buqw and text are no longer unnaturally divorced in accordance with the time-hon* 
wed practice of making text-books on this sul^ect as inconvenient and expensive as 
possible. On the contrary, all map questions are tc be found on the page oppoidte the 
map ititelf, and each book is complete in one volume. The mechanical execution is 
unrivalled. Paper and printing are everything ttiat could be desired, and the bind- 
ing i»— A. S. Barnes and Company^s. 



Ripley's Hap Drawing 41 25 

This system adopts the cirole as its basis, abandoning the processes by 
triangulation, the square, parallels, and meridians, Ac, which have bee& 
proved not feasible or natural in the development of this selence. Siio- 
cess seems to indicate Uiat the circle *' has it.'* 

National Outline Haps (per set). . . |15 03 

F«r ih« school-room walla. In preparatioob 
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Yationat Series of Standard School- ISooJbs* 

Monteith & McNally's National Geographies. 

TBSTIMONI AIiS. 
From O. F. buMiUL, Principal JfornuA Acadtmjf, Arktnmt. 

Before llie wmr I used Montdth and McKallj*! Oeograptaiet, and do not heiitati k 
piODounce them the best that erer came qnder ray obeen^ttioii. 

iVi»i» Hamiltost liuArBB, 8up6rinUadent CkddtteU Gnmtif, MUmuri. 

Montcdth and McNally's Oeographi«>« aiv superior to any in use ; li: pcint cf nt 
•huiuleal execution they are certainly uurivaled. 

From, E. W. Pnr, Principal Walworth Ouunty IruHtut^, itisrortsin. 

Wo have used Montdth*B Gec^raphies in the Institute for two yeara, where th«| 
teru given the best satisfaction. I most heartily indorse and recommeud them. 

From JosBPH Pbadodt, Principal Moody School, LotoeU, MaaaackttsetU. 

1 have examined Monteith^s Oeographics careftiUy, and feel confident in sajring (bat 
ttiay are the best aeries of Geographies that hare come under my obeenration. 

Frrnn Rev. B. St. James Fby, A.M., President WorUdn^^on Female Obllege, Ohh. 

We have used McNally and Montelth*B Geographies for three years, and tronM oof 
•zehange them for any others in the market 

From R. M. Maock, Superintendent Centre County y Pennsybaania, 

llonteith and McNalIy*s Geographies have been examined earelUUy, and I am trm 
lo say I think they are superior in many respects to any other system. 

From W. L. Albxandks, President Ncusogdoches College^ Testis. « 

2 regard as perfect, in every respect, ** Monteith and McNally's Geographical 
SeriesL** 

From C. P. Db Uass, Prine^il Xorth Hill PubUe School^ Burlington^ Iowa. 

I favored the adoption of Mont^nth and McNally^s Series of GeographiPA, because I 
Ukod them; and now, after nearly a yearns trial of them in the school-room, I like 
them better than ever. 

^rom R. A. Ap.vus, Member of Bocurd of Education, Sew York. 

I have found, by examination of the Book of Supply of our Board, that considerably 
the largest number of any series now used in our pubhc schools is the National, by 
Monteith and McNaUy. 

From JosiAJi T. Reads, Prineipai Union School^ Marshall, Michigan, 

This aeries was adopted after a careful examination of the best works in this branch 
•f study, and a yearns experience makes us better and better satisfied with onr dMiiea 

From EjiOBT F. Sxbono, Prineipai High Sehooly Bridgeport, ComitteiUmL 

We are using, with very great satisfaction, in the school with which I am connected, 
Monteith and McNally* s Oeographiea. Other schools in this city are using them vftk 
the same fkvoraUe opinion of their merita. 

/Vom A. R. MoGiLL, Superintendent liieeittst County, MifUMSoCo. 
I am happy to express my hearty approval of the Series ihroughauL 

From jAMwe N. Towksctd, Superintendent PubUe SehoolSj Hudson, Kew YbrJL 

1 have ear^lly examined your series of Monteith and McNany*s Geographlei 
They are oomprehenoive, accurate, well graded, handaomely gotten up, eomplks, 
am nruik to eonfeas that I consider it by £ar the best series ever published in lU 
•ountry. They are unrivaled. We have recently adof ted them in the public school 
•f this city, to the infinite delight of the students, and to the entire satisfacdon of th 
laaehtsis. 



For further testimony of similar character, see the PuUiaher^ speelal eirci 
lar, 01 current numbers of the Educational BnUetlii. 
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